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Abstract

Supercontinuum generation in femtosecond-pumped photonic crystal fibres is a dramatic spectral broadening
process with significant applications. We present a detailed study of dispersive wave generation, an important
mechanism for the production of blue-shifted radiation, which shows that the standard model which involves
fundamental solitons perturbed by higher-order dispersion needs to be augmented by considering the rapid
red-shift of the pump caused by spectral recoil. We also develop an intuitive physical explanation for narrow-
band supercontinuum enhancements caused by fibre Bragg gratings, and show that this effect is a specific case
of a universal property of self-phase modulation by which narrowband phase features can be converted into a
spectral enhancement.

Chronological note

The work contained in this thesis was performed in January to September 2006. At the end of this period, the
author left the University of Sydney to commence a doctoral degree elsewhere. Because of the doctoral thesis,
the writing of this thesis was deferred until December 2010.
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List of acronyms

DWGR dispersive wave generation region

FBG fibre Bragg grating

FWHM full-width at half-maximum

GNLSE generalized nonlinear Schrödinger equation

LPG long-period grating

SPM self-phase modulation

ZDW zero-dispersion wavelength

PCF photonic crystal fibre
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Chapter 1

Introduction

Supercontinuum generation is the dramatic spectral broadening of laser light. The result is unique in possess-
ing the spectral width of white light and yet the intensity and coherence of a laser. It has been demonstrated
in a variety of nonlinear media since its first observation in 1970 [1, 2], and is a powerful demonstration of the
breadth of phenomena made possible by the interaction of several basic linear and nonlinear optical processes.
The development of convenient laboratory supercontinuum sources [3] has only broadened its plethora of ap-
plications, including solution of the long standing optical frequency metrology problem, deemed worthy for
one half of the 2005 Physics Nobel Prize. This thesis explores several different aspects of supercontinuum gen-
eration with the aim of controlling and enhancing the process. Besides the direct benefit to applications of
supercontinuum, our studies bring fresh insight into the generation process itself.

As a nonlinear spectral broadening process, supercontinuum generation comes about through the self-
action of an intense optical pulse in a nonlinear transparent material, producing a spectrum which can cover
the entire visible range as shown in Fig. 1.1(a). Roughly speaking, the broadening is proportional to the product
of the intensity, the nonlinearity, and the interaction length. High intensities can be achieved using amplified
lasers, spatial focusing or pulse compression. Certain materials exhibit high nonlinearities, whilst waveguides
can offer any desired interaction length. Each of the many techniques for generating supercontinuum is a
means of sufficiently increasing one or more of these factors. Among these techniques, the use of femtosecond
titanium-sapphire oscillators to pump photonic crystal fibres (PCFs) [4] stands out as a broadband yet shot-to-
shot repeatable light source for numerous applications. Furthermore the mechanism in this technique involves
a number of interesting nonlinear effects, making it a powerful platform for studying new physics.

Photonic crystal fibres, an example of which is shown in Fig. 1.1(b), possess a complex transverse mi-
crostructure which enables novel optical guidance properties that are impractical or impossible in conven-
tional optical fibres. For supercontinuum generation, their key property is their high waveguide dispersion,
which cancels out the intrinsic material dispersion of silica in the visible and near infrared. This enables fem-
tosecond pulses from Ti:Sapphire mode-locked lasers to propagate without temporal broadening. As a result
of the technological maturation of PCF, along with ultrafast Ti:Sapphire oscillators, supercontinuum sources
based on these devices are being deployed rapidly. A typical setup is shown in Fig. 1.1(c). Although the resulting
optical fields are usually quite complex, the basic generation process is now generally well understood [5].

Figure 1.2(a) shows a supercontinuum spectrum simulated using typical experimental parameters. A pump
pulse of FWHM bandwidth 13 nm is launched into the fundamental mode of a PCF. After 10 cm of propaga-
tion, the spectrum has broadened to approximately 1000 nm. This broadband spectrum carries immediate
advantages as a source in metrology, imaging, spectroscopy, and interferometry where data is to be obtained at
multiple wavelengths. Additionally, the spectral breadth is directly related to the coherence length, which de-
termines the longitudinal resolution of interferometric volume imaging systems based on the Mach-Zehnder
interferometer — optical coherence tomography [7] being the prime example. We note that this bandwidth is
not entirely unique — comparable bandwidths can be obtained directly from state-of-the-art oscillators. How-
ever, a precisely dispersion-controlled cavity with an additional broadening element is necessary [8], so that
at present fibre-based broadening systems are often used in preference to octave-spanning oscillators. Other
means of achieving such broadening generally rely on the stronger nonlinear effects achievable with amplified
pulses [9].

Since the supercontinuum is generated in a single fundamental mode of the PCF, it has an approximately
Gaussian profile with near-perfect spatial coherence and may be focused to a diffraction-limited spot, provided
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(a) (b)

(c)

Figure 1.1: (a) Supercontinuum generation by a 100 fs, 625 nm pulse in 1 mm of carbon tetrachloride (taken
from ref. [6]); (b) Cross section of a typical PCF — the black circles are air holes running axially through the
white surrounding fused silica. (c) A typical setup for supercontinuum generation in a PCF — Ti:Sapphire
pulses are coupled into the fibre using a microscope objective and white light generation can occur within
several millimetres of propagation.
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Figure 1.2: (a) Calculated supercontinuum spectrum produced by pumping 10 cm of PCF with a 50 fs pulse at
800 nm with peak power 25 kW. (b) Spatial interference pattern formed between the supercontinuum output of
a PCF and a single-mode fibre (taken from ref. [3]). (c) Temporal profile corresponding to the spectrum shown
in (a).

chromatic aberrations can be managed. Figure 1.2(b) shows a spatial interference pattern formed between
supercontinua from a PCF and the output of a single-mode fibre. The regular high-visibility fringe pattern
indicates that only a single spatially coherent mode is present.

Additionally, for pump pulse durations below 100 fs (the regime considered in this thesis), supercontinuum
generation is dominated by deterministic processes. Any shot-to-shot variations in the supercontinuum are
caused by technical issues such as laser intensity fluctuations. This is a contrast to the inherently stochastic
amplification of spontaneous noise underlying the modulational instability, which is a key process when longer
pump pulses are used. The shot-to-shot stability of supercontinuum with short pump pulses is essential in
several applications including frequency metrology and pulse compression.

The temporal profile corresponding to the spectrum shown in Fig. 1.2(a) is shown in Fig.1.2(c). The su-
percontinuum consists of several temporally separated pulses of varying duration and intensity, testament
to the fact that supercontinuum generation involves energy transfer and reshaping in the time as well as the
frequency domain. A cohesive picture of supercontinuum generation, which accounted for its temporal and
spectral properties, emerged in 2002 and is presented in Section 2.4. Notably, the theoretical picture invoked
a number of nonlinear wave processes, such as stimulated Raman scattering and dispersive wave generation,
which had previously been studied in other contexts. Supercontinuum generation has therefore acted as a
novel testbed for nonlinear dynamics, provoking research into exotic phenomena such as rogue wave genera-
tion [10] and soliton collisions [11].

The various experimental applications exploit different aspects of the supercontinuum. The key feature
in precision frequency metrology, for example, is the octave-spanning spectrum [12], whereas spectroscopists
[13] appreciate it as a tunable broadband source. These differing requirements and rapid technological devel-
opment have prompted timely efforts to tailor supercontinuum for various applications, by varying either the
incident laser pulse, the fibre, or both.

One desirable goal would be to extend the supercontinuum spectra further to shorter wavelengths, or to
increase the relative intensity at short wavelengths. The difficulty of achieving this motivated the first part of
this thesis, a theoretical investigation of blue light production in supercontinuum generation. The conven-
tional theory of supercontinuum attributes blue-shifted radiation to dispersive wave generation. Whilst this
process is well-understood in isolation [14,15], we show that in the context of supercontinuum generation, the
conventional understanding needs modification to agree with experimental and numerical results.

In the second part of this thesis, we explore a technique to enhance a spectrally narrow region of the su-
percontinuum spectrum. Theoretically, numerically and experimentally, we show how spectrally narrow phase
and amplitude features combine with self-phase modulation to produce spectral enhancements. Besides ex-
plaining previously reported experimental observations, this has led to the demonstration of a tunable spectral
enhancement technique [16].

This thesis is structured as follows: Chapter 2 provides the necessary background, leading to an outline of
the thesis. Chapter 3 presents the investigation of dispersive wave generation, whilst in Chapter 4, spectrally
narrow enhancements are studied theoretically and experimentally. Chapter 5 gives a conclusion, summary
and outlook.
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Chapter 2

Background

This thesis presents two major results: a detailed study the dynamics of blue-light generation in femtosecond-
pumped supercontinuum generation, and a theory of the mechanism by which narrowband phase features in
an ultrashort pulse are converted into spectral intensity modulations by the Kerr nonlinearity. The latter result
explains narrowband spectral enhancements observed when supercontinuum generation is carried out in a
fibre Bragg grating. This chapter provides the background necessary to motivate and understand these results.

We begin with the historical development of spectral broadening of laser pulses in Section 2.1. This history
makes evident the disruptive role played by the invention of photonic crystal fibres, a technology we review in
Section 2.3. Several applications of supercontinuum generation are reviewed in Section 2.3, and we focus on
those in which blue-light generation and/or narrowband spectral modulation play a significant role. In Sec-
tion 2.4 we present a qualitative description of femtosecond-pumped supercontinuum generation in photonic
crystal fibres. In Section 2.5 we introduce the generalized nonlinear Schrödinger equation (GNLSE) used to
model supercontinuum generation. In Section 2.6, we discuss various means of influencing, and to a degree
controlling, supercontinuum generation, paying particular attention to the generation of blue-shifted radia-
tion and narrow spectral features. Finally, Section 2.7 outlines the two main results of this thesis.

2.1 Historical development of spectral broadening

The generation by Ranka et al. [3] of white light spanning 400–1500 nm in a photonic crystal fibre pumped
by a nanojoule Ti:Sapphire oscillator, shown in Fig. 2.1(b), sparked a flurry of interest. The unexpected result
prompted new theoretical investigations of nonlinear fibre optics as well as finding immediate application in
frequency metrology. In this section we examine supercontinuum generation in photonic crystal fibres in the
context of nonlinear optics and discuss the reasons for its significance.

The high intensities made possible by the advent of the laser in 1960 enabled direct observation of nonlin-
ear optical effects, in which the anharmonicity of the dielectric response makes a significant contribution to
radiation. One of the most important properties of nonlinear optics is the ability to produce light of a different
frequency to the applied field, which is not possible in linear optics. This finds wide application in producing
laser-like radiation in spectral regions outside the gain bandwidth of any material. Supercontinuum genera-
tion is primarily a spectral broadening process, in that the new frequencies are adjacent to the existing ones, in
contrast to (for example) sum-frequency generation.

Moderate spectral broadening in liquids was reported and interpreted throughout the 1960s [17–20]. In
1970 however, Alfano and Shapiro [2] produced white light by propagating intense picoscond-long pulses
through glass. The resulting spectral width was around 300 nm, an order of magnitude greater than in previous
experiments, and the new phenomenon was dubbed supercontinuum generation. Visible supercontinua were
also demonstrated in noble gases [21] and organic liquids [22] whilst broad coverage of the infrared was pro-
duced using dielectrics and semiconductors [23]. An example spectrum is shown in Fig. 2.1(a). Supercontin-
uum quickly became established as an ultrafast broadband source for use in time-resolved spectroscopy [24].
However, its widespread use was limited by the requirement for amplified lasers with millijoule pulse energies.

To reduce the required intensity and/or achieve greater broadening, it was natural to look to optical fibres
as a means of sustaining tight confinement over a long interaction length. Lin and Stolen [25] produced 180 nm
wide supercontinua in the visible using microjoule pulses. However, by extending the fibre length the broad-
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2. BACKGROUND

Figure 2.1: (a) Supercontinuum spectrum from a GaAs crystal using 600µJ pulses from a CO2 laser [23]; (b)
Supercontinuum spectrum from a photonic crystal fibre pumped by 8 nJ Ti:Sapphire pulses [3].

ening could not be increased indefinitely, and nor could the required pulse energy be further reduced. Instead
the fibre group-velocity dispersion caused temporal spreading of the pulses, reducing their peak intensity and
effectively clamping the available nonlinear interaction length.

Hasegawa and Tappert recognized [26] that this need not necessarily be the case. The experiments of Lin
and Stolen [25], along with other fibre-based supercontinuum experiments, had used visible light pumping
which lay in the normal dispersion regime of the fibre, in which red frequencies travel faster than blue frequen-
cies. However, in the anomalous dispersion regime, it is possible for the third order nonlinearity, at a certain
strength, to effectively cancel the group velocity dispersion, leading to indefinite fundamental soliton propaga-
tion of pulses without dispersive spreading. Experimental observation of fundamental solitons [27] occurred
after the development of ultrashort sources in the anomalous dispersion regime of silica fibres, above 1.3µm.

Whilst fundamental solitons represent a balance between the third-order nonlinearity and anomalous dis-
persion, higher-order solitons [28] occur when the relative strength of the nonlinearity (the product of the pulse
intensity with the intrinsic nonlinearity of the material) over the dispersion is increased beyond this balance.
Higher order solitons undergo complex evolution, involving compression and splitting in both the tempo-
ral and spectral domains. Experimental [27, 29] and theoretical [30] work established that in the presence of
perturbations such as Raman scattering and higher-order dispersion, higher-order solitons initially experi-
ence spectral broadening and temporal compression before undergoing soliton fission, breaking into a train
of constituent fundamental solitons, each of shorter duration than the original pulse. Further experiments at
1.3µm [31–33] and 1.4µm [34] demonstrated that soliton fission produces supercontinuum generation. Since
the output spectra covered the telecommunications region, these results stimulated research into broadband
sources for wavelength division multiplexing [35, 36].

Meanwhile, photonic crystal fibres, which shall be discussed in detail shortly, were being developed.
Mogilevstev et al. [37] recognized that the anomalous dispersion wavelengths of these fibres could be shifted
below 1.3µm, the intrinsic zero-dispersion wavelength of fused silica, whilst Broderick et al. [38] realized that
by virtue of their reduced effective mode area compared to standard optical fibres, photonic crystal fibres could
posses a higher nonlinearity. After the dramatic demonstration by Ranka et al.of octave-spanning white light
generation from a photonic crystal fibre with anomalous dispersion above 770 nm pumped by 770 nm light,
it was recognized that both these effects were playing a role. However a complete theoretical picture did not
emerge until 2002 [5, 39], and invoked essentially the same soliton fission process as in single mode fibre. The
importance of the waveguide dispersion and nonlinearity rather than the microstructure itself was demon-
strated by tapering a conventional fibre to have dispersive and nonlinear characteristics that were essentially
equal to that of a photonic crystal fibre. Using this fibre, Birks et al. [40] then generated a comparable supercon-
tinuum using similar pumping conditions to that of a photonic crystal fibre-based experiment. Despite this,
the mechanical fragility of such a fibre taper, along with the single-moded guidance property of a photonic
crystal fibre, meant that the latter remained the more practical solution.

We can now locate femtosecond pumping of photonic crystal fibres in the anomalous dispersion regime
within the broader class of dramatic spectral broadening processes, all described by the term supercontinuum.
It is useful to ask which mechanisms act to achieve a sufficiently high product of intensity, interaction length
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2.2 Photonic crystal fibres

and material nonlinearity for significant spectral broadening to occur. Several such mechanisms are actually at
play: the mode-locked Ti:Sapphire oscillator concentrates the energy into a brief time interval, whilst the tight
focusing into the narrow core of the photonic crystal fibre concentrates the light spatially. Higher-order soli-
ton evolution achieves a further temporal compression to yield the ultrabroad supercontinuum spectra. This
can be contrasted with the case in bulk media [2], discussed above, where one key ingredient is self-focusing,
in which the pulse “generates its own focusing lens” via the Kerr effect [41], leading to an explosive increase
in peak intensity. Alternatively, self-action is not necessarily required, and supercontinuum can simply be
achieved by “brute force” as demonstrated by the experiments pumped in the normal dispersion regime [25].

Much progress since the paper of Ranka et al. has focused on pumping using longer pulses of picosecond
or nanosecond duration, or even CW sources, mainly driven by the inherent simplicity of such systems. In
general, supercontinuum from such sources exhibits lower coherence — which in this context means shot-
to-shot repeatability — because the initial spectral broadening is dominated by the modulational instabil-
ity — the Kerr-effect-driven breakup of a smooth intensity envelope into discrete pulses. The corresponding
frequency-domain picture is the amplification of spontaneous quantum noise into sidebands that possess a
random phase relationship to the pump. The modulational instability is therefore always present; however
with femtosecond pumping, particularly below 100 fs, soliton fission dominates the initial dynamics. Seeding
the modulational instability using two-color pumping improves the coherence [42,43]. However, it is fair to say
that pumping with pulses shorter than 100 fs is currently the most straightforward way to produce a coherent
supercontinuum1 [4]. This thesis is largely concerned with femtosecond pumping, largely because the modu-
lational instability present with longer pulses produces a huge number of sub-pulses with many interactions,
complexifying the physics and generally necessitating a statistical approach. However, the processes studied
here — dispersive wave generation and the evolution of short pulses following the application of spectrally
narrow features — are also relevant to the picosecond–CW pumping regime.

2.2 Photonic crystal fibres

A conventional optical fibre, also known as a step index fibre2, guides light by total internal reflection in a
core whose refractive index is made slightly higher than the surrounding cladding by the presence of dopants.
The small index contrast means that the fibres are weakly guiding [45], so that the main contribution to the
dispersion comes from the material response of the constituent material, most commonly fused silica, which
is normally dispersive at wavelengths below 1.3µm. Anomalous dispersion in the visible spectrum can be
achieved by increasing the contrast — however this could only be accomplished by producing a single strand
of silica only a few microns thick, so surrounding air acted as the low-index cladding3. Besides their impractical
fragility, such fibres tend to be multi-moded, complicating experimental studies of nonlinear propagation.

To circumvent these and other limitations of low-contrast step-index fibres, a transverse microstructure
can be introduced into the refractive index profile of the fibre. The design freedom possessed by these photonic
crystal fibres opens up a wide range of optical and physical properties. As described in Section 2.1 above, for our
purposes the relevant qualities are a small mode area and anomalous dispersion around 800 nm. The original
and most common design which satisfies these requirement features a solid central core of silica surrounded
by an array of air holes running along the length. This combination of air holes and silica acts like the cladding
of a conventional fibre, guiding the light down the core by total internal reflection [46]. However, because the
area of the air holes relative to the surrounding silica — the air-fill fraction — can be made quite large without
losing mechanical robustness or single-modedness, the effective refractive index of the cladding can be very
close to unity. The result is essentially a high contrast, low loss, mechanically robust single-mode fibre, an
impossible feat using a standard stepped-index design.

The discovery that ultrabroadband spectra could be produced from such fibres by Ti:Sapphire pumping was
timely, because in 2000 these lasers were becoming commonplace in ultrafast laboratories. Many applications
for these supercontinuum sources were quickly discovered, including several with relevance to the results in
this thesis. These are the topic of the next section.

1Even with sub-100 fs pump pulses, there is degradation of shot-to-shot repeatability with propagation, but since this occurs after the
majority of the spectral broadening it can be alleviated by using appropriate fibre lengths — typically a few centimetres.

2More elaborate designs exist [44], but the points made in this discussion about stepped index fibres are valid for them also.
3Increasing the core index through higher dopant concentrations causes unacceptable loss.
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2. BACKGROUND

2.3 Applications of supercontinuum generation

2.3.1 Metrology

Supercontinuum generation in photonic crystal fibres made an immediate impact in optical frequency metrol-
ogy. The precise synthesis and determination of optical frequencies is desirable for precision spectroscopic
tests of fundamental theories because of the low fractional linewidths of resonances in the optical domain.
However, the 9.193 GHz cesium hyperfine transition which defines the SI primary standard is some 5× 104

times smaller and establishing a connection between these two domains represented a serious challenge. The
first solutions consisted of long chains of phase-coherent oscillators [47] which were as costly as they were
complex. For example, the chain described by Schnatz et al. [47] consists of ten oscillators connected together
by frequency multiplying electronics.

Hänsch and coworkers made a major advance using the concept of the frequency comb, the frequency
domain description of the pulse train provided by a mode-locked laser. Fourier theory shows that the spectrum
of a periodic pulse train consists of a comb of discrete frequencies separated by the repetition rate. In reality,
fluctuations in the repetition rate will of course distort this, but Udem et al. showed that in normal Ti:Sapphire
oscillators, the comb spacing is constant to 3 parts in 1017 [48]. In addition, the repetition rate can be locked to
an external source [49], so that the comb spacing is traceable to the cesium standard. The difference between
any two frequencies can then be measured by using the comb as a “ruler” [50, 51].

However, the pulse train emitted by a mode-locked laser is not strictly periodic, even when the repetition
rate is stabilized. Instead, the pulse accumulates a phase slip during each traversal of the cavity, caused by
the difference between the net phase and group delays. In the frequency domain, this manifests as an off-
set δ, so that n th frequency of the comb is f n = n∆+δ. Prior to 2000, the only way of referring the absolute
comb frequencies to the cesium standard was through a long chain of phase-locked oscillators. Supercon-
tinuum generation changed this by enabling f -2 f interferometry, which requires an octave-spanning spec-
trum. There are several forms of this technique. In one [12], the fundamental and the second harmonic of a
stabilized reference laser are mixed with the octave-spanning frequency comb and the radio-frequency beat
tone is measured. Another approach is to frequency double the long-wavelength end of the comb and mix it
with the short-wavelength end, measuring the radio frequency beat tone [52]. Either way, the phase slip fre-
quency δ is measured to high accuracy. Furthermore, the offset can be stabilized and set to zero using closed
loop control [53]. This means that the electric fields of each pulse are identical, and this has opened up the
study of extreme nonlinear processes such as high-harmonic generation which directly depend on the electric
field, rather than just the intensity envelope. Although commercial oscillators are now available which pro-
duce octave-spanning spectra, most carrier-envelope phase stabilization devices, including some commercial
ones4 employ supercontinuum generation in photonic crystal fibre to generate a sufficiently broad spectrum
for f -2 f interferometry.

In Chapter 4, we describe a technique for producing a spectrally narrow enhancement to the supercontin-
uum spectrum. The in-principle benefit to f -2 f interferometry is clear; the signal to noise ratio of the radio-
frequency beat tone is proportional to the product of the spectral amplitudes of the fields which are being
heterodyned [54].

2.3.2 Interferometry and ultrafast spectroscopy

Supercontinuum has been employed as an experimental source since its discovery in bulk media [55, 56]. As a
bright, broadband and spatially coherent field, it is particuarly useful for inteferometry and spectroscopy. For
example, dispersion measurements using a Michelson interferometer [57, 58] have a long free-space reference
arm and therefore require a well-collimated source, an ideal role for supercontinuum sources. The develop-
ment of convenient supercontinuum sources, first in conventional fibre [25] and then in photonic crystal fibres,
has increased its utility.

Photonic crystal fibres pumped by Ti:Sapphire oscillators are widely used as a probe for ultrafast pump-
probe spectroscopy experiments [13]. The multi-MHz ultrabroadband pulse trains coming directly from an
oscillator are beneficial from the perspective of acquisition time and signal to noise ratio. Supercontinuum
pulses may be shorter than the pump pulse which created them, so there is no loss of temporal resolution
when using them as a probe.

4http://www.menlosystems.com/xps800.html
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2.4 The theory of supercontinuum generation by soliton fission

Since the time resolution of these experiments depends on the probe length, it is important to understand
the generation dynamics so that supercontinuum duration is as short as possible without compromising the
overall bandwidth. Indeed, recent studies have deliberately used short lengths of fibre to produce short su-
percontinuum probe pulses [59]. This is one motivation for our investigation into the dynamics of dispersive
wave generation, which produces the short wavelengths in the supercontinuum and is described in Chapter 3.
Furthermore, the scheme to increase the local spectral intensity discussed in Chapter 4 can potentially benefit
these experimental applications.

2.3.3 Microscopy and imaging

Supercontinuum from microstructured fibres has been used as an illumination source for a variety of imaging
techniques.

Optical coherence tomography [60] is an non-invasive imaging technique for taking cross sectional images
of biological samples on a micrometer scale. In optical coherence tomography, one arm of a Michelson inter-
ferometer is reflected from a reference mirror, whilst the other backscatters off the sample under observation.
Interference patterns are observed in the recombined beam, thus measuring the amplitude of the light which
is reflected from the sample. Transverse resolution is obtained by focusing the beam to a small spot which is
raster scanned across the sample, whilst longitudinal resolution is obtained because the light source has low
longitudinal spatial coherence due to its broad bandwidth. Only a narrow plane of the sample is at the correct
distance to produce fringes. By scanning the sample axially and transversely, an image is obtained. Optical co-
herence tomography using a supercontinuum source [7] offers unprecedented brightness and resolution and
was used in 2002 [61] to obtain submicron axial resolution over a 325 nm spectrum centred at 725 nm.

In confocal laser scanning fluorescence microscopy [62], supercontinuum generation has been used to
adapt a Ti:Sapphire oscillator, used for multiphoton excitation, to shorter wavelengths suitable for single-
photon excitation. Supercontinuum from photonic crystal fibres is also of sufficient intensity for two-photon
microscopy, providing spectral access to previously inaccessible fluorophores [63]. Another application is co-
herent anti-Stokes Raman scattering microscopy in which the sample is illuminated with two wavelengths
separated by the Raman vibration frequency. For example, supercontinuum generation was used to produce
blue-shifted radiation at 643 nm, exactly one Stokes shift above the pump at 795 nm, in order to produce high-
contrast images of polystyrene beads [64]. In all cases, dispersive wave generation, considered in Chapter 3, is
critical in producing the shorter wavelengths.

Having located supercontinuum generation within the context of ultrafast optics and pointed out some of
its important applications, we now present the current understanding of the process.

2.4 The theory of supercontinuum generation by soliton fission

It took several years from the discovery of Ranka et al. for a cohesive picture of supercontinuum generation
using femtosecond pulses to emerge. Notably, much insight was gained from numerical models which brought
together a number of physical processes that were previously well understood, at least in isolation. The novelty
of photonic crystal fibres was the new parameter range that was accessible, with a self-focusing nonlinearity of
comparable strength to linear dispersion on the femtosecond time-scale.

As a pedagogical tool, we shall consider a numerical simulation using typical experimental parameters of
supercontinuum generation in a photonic crystal fibre pumped by a Ti:Sapphire oscillator. Presentation of the
detailed mathematical model is deferred until later — we shall first present the basic physical principles and
describe the role they play in supercontinuum generation. Figure 2.3 shows the evolution of the supercontin-
uum in the time and frequency domains. The initial pulse has a transform-limited hyperbolic-secant-squared
profile with full-width at half-maximum (FWHM) intensity TFWHM = 50 fs, centre wavelength 800 nm and peak
power P0 = 2.5 kW. The fibre is 400 mm long and its parameters are based on commercially available Crystal
Fibre NL-2.0-770, depicted in cross section in Fig. 2.2(a). The hole diameter is 0.93µm and the hole spacing
is 1.31µm. The fibre’s dispersion relation, expressed in terms of the second derivative β2 of the longitudinal
wavenumber, is shown in Fig. 2.2(b). The nonlinear coefficient, defined as the constant of proportionality be-
tween the pulse power and the nonlinear contribution to the phase delay per unit length, is γ = 0.09 W−1m−1.

As is clear from Fig. 2.3, the evolution is quite complex, with the appearance of several distinct spectral and
temporal features accompanying the main spectral broadening from 0–40 nm. Conceptually, the evolution
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Figure 2.2: (a) Cross section of photonic crystal fibre NL-2.0-770, modelled in several examples throughout this
thesis. The dark areas are air holes; the light area is silica. (b) Dispersion of NL-2.0-770.
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Figure 2.3: Supercontinuum generation by pumping 400 mm of photonic crystal fibre with a pulse of 50 fs
FWHM intensity duration, 800 nm centre wavelength and 2.5 kW peak power, corresponding to a fifth-order
solition.
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2.4 The theory of supercontinuum generation by soliton fission

can be divided into three regions. From 0–20 mm, the pulse undergoes near-symmetrical spectral broadening
about its centre wavelength, accompanied by temporal compression. From 20–40 mm, the pulse breaks apart
into several sub-pulses of different wavelengths. This stage is characterized by the development of a highly
modulated spectrum. After 40 mm, the pulses begin to drift away from one another through group-velocity
dispersion whilst spectral evolution is more gradual, characterized by a red-shift of the feature at 900 nm.
Although dispersion and the third-order nonlinearity are the underlying effects in all three regions, each is
amenable to a higher level of interpretation which shall now be presented. Because the discussion involves
dynamics in both the time- and frequency-domains, the spectrogram, or short-time Fourier transform, is ex-
tensively used to visualize the field. The spectrogram is most conveniently presented as an animation. The
accompanying file SC_spectrogram.avi shows the spectrogram of the evolution in Fig. 2.3.

From 0–20 mm, the pulse undergoes symmetric spectral broadening due to self-phase modulation (SPM)
[65, 66]. Self-phase modulation is a manifestation of the Kerr effect, the near-instantaneous non-resonant
third-order electronic response. The Kerr effect produces an intensity-dependent refractive index, resulting
in a decreased phase velocity near the peak of the pulse. On the leading edge of the pulse, the field oscillations
are therefore “stretched” leading to a decrease in instantaneous frequency, whilst the opposite occurs on the
trailing edge. In the frequency domain, this is seen as symmetric spectral broadening about the centre fre-
quency. These effects are evident in the spectrogram animation at z = 15.2 mm, also reproduced in Fig. 2.4(a).

By 20 mm, the pulse has clearly undergone some temporal compression and has as a result become more
intense. This is soliton effect compression [67,68]— anomalous dispersion causes the newly generated frequen-
cies on the leading and trailing edges to be fed back into the centre of the pulse. The rising peak intensity leads
to a runaway process accompanied by a sudden increase in bandwidth. At z = 28 mm, the peak power has
more than tripled to 8.1 kW, and the bandwidth now extends from 600–950 nm. Given that the further spectral
broadening is clearly rather marginal, it may seem prudent to end the fibre at this position and thus produce
a broadband single pulse. However, the precise location of this “point of maximum compression” depends on
the pump power and fibre parameters and is generally hard to predict. Furthermore, short fibre lengths are of-
ten impractical. Therefore, in many experiments the pulse breaks up and develops a highly modulated spectral
and temporal profile, as seen for z > 50 mm in Fig. 2.3.

At this point, considerable insight comes from the mathematics of soliton dynamics [69, 70]. Solitons are
pulses in which dispersive and nonlinear effects combine to either maintain the pulse profile under propaga-
tion or cause it to evolve in a periodic fashion. They arise in a variety of contexts ranging from water waves [71]
to Bose-Einstein condensates [72]. An optical soliton represents a balance between SPM and quadratic dis-
persion. For ordinary materials, χ (3) > 0 which means that soliton formation requires anomalous dispersion.
Fundamental solitons represent a balance of the influences of dispersion and nonlinearity, which exactly can-
cel so that the pulse does not change with propagation [73]. Higher-order solitons result when the nonlinearity
exceeds the dispersion, and exhibit complex periodic evolution. Mathematically, the soliton order N is defined
as

N 2 =
T 2

0 γP0

|β2| (2.1)

with fundamental solitons having N = 1. Here, the pulse duration T0 = 0.567TFWHM is defined in terms of a
hyperbolic secant amplitude profile proportional to sech(T /T0).

A crucial difference between fundamental and higher-order solitons is that fundamental solitons tend to
be robust to higher-order dispersion and higher-order nonlinear effects beyond SPM. However, higher-order
solitons are perturbed by these effects, and their periodic evolution is quickly interrupted by soliton fission into
fundamental solitons, each with shorter duration than the original [28, 30, 74].

In this context, the rapid temporal compression and accompanying spectral broadening, seen in the first
20 mm of propagation in Fig. 2.3, is the first stage of higher-order soliton evolution, which is interrupted at
25 mm by soliton fission caused by higher-order dispersive and nonlinear effects. At the point of soliton fission,
energy is spread from 600–950 nm, crossing the zero-dispersion wavelength. Above the zero-dispersion wave-
length, where the dispersion is anomalous, fundamental soliton formation is possible and we shall see that this
occurs, consistent with the theory of soliton fission. However, below the zero-dispersion wavelength, soliton
formation is impossible and instead the radiation is concentrated into linear dispersive waves which disperse
upon further propagation. The details of dispersive wave generation by the pump pulse is one of the topics
of this thesis and shall be discussed in detail in Chapter 3. For the time being, we note that in the literature,
dispersive wave emission by a fundamental soliton [14, 75, 76] is usually cited as the relevant mechanism. The
emitted wavelengths are determined by a phase-matching condition between the phase of the soliton and the
linear dispersion relation of the fibre. This resonance always occurs on the opposite side the zero-dispersion
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Figure 2.4: Spectrogram at (a) z = 15.2 mm and (b) z = 50 mm. The blue dashed lines show the zero-dispersion
wavelength.

wavelength, and is the principal mechanism for efficient conversion to the blue side of the pump in supercon-
tinuum generation. Additional broadening may be caused by cross-phase modulation of the dispersive waves
by the solitons [77] or four-wave mixing between the solitons and the dispersive waves [78, 79].

In the spectrogram at z = 50 mm, reproduced in Fig. 2.4(b), the main fission products can be identified. The
feature labelled S1 is the most intense of the fundamental solitons, whilst the other solitons, labelled S2, have
not separated fully but can be traced in the animation. Dispersive wave packets, labelled DW1 and DW2, are
also evident. From this point onwards, the only significant spectral evolution comes from red-shifting of the
fundamental solitons. This soliton self-frequency shift [80], originates from non-resonant stimulated Raman
scattering [81, 82]. The solitons are sufficiently broadband to span the Raman gain bandwidth of silica [66, 83],
so that longer wavelengths in the pulse act as Stokes waves for the shorter wavelengths producing a continuous
transfer of energy to the red.

This completes the qualitative description of supercontinuum generation. We now introduce the standard
mathematical treatment, used for the numerical calculations in this thesis.

2.5 Quantitative modelling

The most general approach to optical propagation is Maxwell’s equations [5], but for numerical efficiency scalar
envelope approaches [30, 84, 85] are used almost universally. The common feature of these approaches is that
the resulting equation contains only the first derivative in the propagation direction, potentially limiting its
validity for few-cycle or ultra-broadband pulses. However, Brabec and Krausz [86] showed that the envelope
concept, and the corresponding first-order propagation equation, are valid down the single-cycle regime. An-
other common assumption, used here, is that of weak guidance, under which the waveguide is nearly homoge-
neous and, equivalently, the fields have negligible longitudinal components. This leads to a scalar Helmholtz
equation. After incorporation of the linear and nonlinear behavior pertinent for optical fibres, this equation
is known as the GNLSE [84]. It has proven quantitatively accurate against experiments and has become the
de facto standard [4]. It should be mentioned that since photonic crystal fibres clearly lack transverse homo-
geneity, the conditions for weak guidance would appear to be violated. Indeed, newly emerging fibres, with
subwavelength cores or in which the inhomogeneity plays a greater role, have motivated forms of the GNLSE
in which the full vectorial character of the fields is included [87, 88]. However, for the index-guiding fibres con-
sidered in this thesis, the strong confinement of the fundamental mode in the homogeneous silica core, which
is several times larger than the wavelength, means that weak guidance is sufficiently valid.

In this work, only a single linear polarization is considered. Although manufacturing imperfections do
lead to a randomly varying birefringence in typical photonic crystal fibres, it is usually possible to identify
principal polarization axes which preserve the polarization over the lengths of fibre under consideration here.
Alternatively, one can use polarization maintaining fibres with a deliberately large birefringence. In any case,
we assume light is launched into a single polarization mode and remains so throughout the propagation.

The GNLSE is then [4]

∂ A(T, z )
∂ z

−
∑

k≥2

i k+1

k !
βk
∂ k A

∂ T k
+
∑

k≥0

i kαk

2k !

∂ k A

∂ T k
= iγ0

�

1+ iτshock
∂

∂ T

�



A(z , T )

∫ +∞

−∞
R(T ′)|A(z , T −T ′)|2dT ′



 (2.2)
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where z is distance along the fibre, T = t −β1z is time in the comoving frame moving at the group velocity β−1
1 ,

A(T, z ) is the complex baseband envelope, the αk s and βk s are the Taylor series expansion of the loss α(ω) and
propagation constant β (ω) about a central carrierω0, so that

α(ω) =α0+α1(ω−ω0)+
α2

2
(ω−ω0)2+ . . . (2.3)

β (ω) =β0+β1(ω−ω0)+
β2

2
(ω−ω0)2+ . . . (2.4)

The choice of a comoving frame means that a pulse at the centre frequency remains approximately fixed at
constant T , whilst other frequencies drift away slowly due to group velocity dispersion. The electric field and
baseband envelopes are related by

E (x , y , z ,ω) = F (x , y ,ω)A(ω−ω0, z )exp
�

iβ0z + iβ1(ω−ω0)z
�

+ c.c. (2.5)

where F (x , y ,ω) is scaled so that |A(T, z )|2 gives the instantaneous power in Watts. The terms on the right-hand
side of (2.2) model nonlinear effects, all of which are proportional to

γ0 =
ω0n 2(ω0)
c Aeff(ω0)

(2.6)

where n 2(ω0) is the nonlinear refractive index and Aeff(ω0) the nonlinear effective area defined by [66]

Aeff(ω) =

h

∫ ∫ +∞
−∞
�

�F (x , y ,ω)
�

�

2
dx dy

i2

∫ ∫ +∞
−∞
�

�F (x , y ,ω)
�

�

4
dx dy

. (2.7)

The time derivative in the nonlinear term, proportional to τshock, models the dispersion of the nonlinearity, as-
sociated with self-steepening and shock formation of the pulse trailing edge. The nonlinear response function

R(t ) = (1− f R)δ(t )+ f RhR(t ). (2.8)

includes both the instantaneous electronic contribution, which leads to the Kerr nonlinearity, and the delayed
Raman scattering term proportional to f R = 0.18, producing the pulse self-frequency shift. In this work we use
the Raman gain spectrum hR(t ) presented by Blow and Wood [84].

Equation (2.2) can be recast in the frequency domain, making the frequency dependence of the various
terms more transparent:

∂ A(ω′, z )
∂ z

= L(ω)A(ω′, z )+N (ω′, z ) (2.9)

whereω′ =ω−ω0, and
L(ω) =

�

iβ ′(ω)−α(ω)/2� , (2.10)

is the linear operator containing the effects of dispersion and loss. Here,

β ′(ω) =
β2

2
(ω−ω0)2+

β3

6
(ω−ω0)3+ . . . (2.11)

is the transformed propagation constant with the effects of phase and group velocity removed and can be
thought of as the physical dispersion curve β (ω) with the tangent atω0 subtracted out. This picture becomes
useful in interpreting the physics described in later chapters. The nonlinear source term is

N (ω′, z ) = iγ(ω)

∫

dω′1

∫

dω′2A(ω′1, z )A(ω′2, z )A∗(ω′1+ω
′
2−ω′)R(ω′−ω′1)?? (2.12)

where the nonlinear coefficient has a linear frequency dependence

γ(ω) = γ0 [1+(ω−ω0)τshock] . (2.13)

Finally, the frequency domain form of the nonlinear term makes explicit its interpretation as an integral over
all possible four-wave mixing processes of the form

ω1+ω2→ (ω1+ω2−ω)+ω. (2.14)

We wrote a numerical code to solve the GNLSE, the details of which are presented in Appendix A.
The next section introduces the topic of tailoring supercontinuum generation to suit particular purposes.
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2.6 Tailoring and controlling supercontinuum generation

The development of the soliton interpretation of supercontinuum generation and the GNLSE gave insight into
various methods to control supercontinuum generation towards both specific applications and greater under-
standing. Some of these methods are a simple variation of the parameters, such as the pump wavelength, whilst
others involve modifying the fibre. In this thesis, we are concerned with efforts to extend the short-wavelength
edge of the spectrum and to enhance certain narrow spectral regions. This section therefore reviews various
means of controlling supercontinuum generation, concentrating on their ability to control the short wave-
lengths and to enhance certain spectral regions.

2.6.1 Varying the pump wavelength

Figure 2.5 shows calculated supercontinua for several different pump wavelengths under otherwise identical
conditions. Several trends can be observed, all attributable to the different dispersion experienced by the pump
as the wavelength changes. Pumping at 600 nm, well below the zero-dispersion wavelength (ZDW), results in
only moderate spectral broadening, caused by some initial self-phase modulation which is quickly quenched
by temporal pulse broadening which reduces the intensity to below the threshold for any nonlinearities. As
the pump wavelength approaches the ZDW (650 nm and 700 nm), the self-phase modulation causes spec-
tral broadening across the ZDW and into the anomalous dispersion regime. This causes a reduction in the
dispersion-induced temporal broadening for these wavelengths, and hence asymmetric spectral broadening.
The rapid temporal oscillations on the leading edge of the pulse are characteristic of propagation near the
ZDW [89]. As the pump moves above the ZDW, soliton fission begins to play the dominant role, with several
discrete solitons becoming evident in the temporal profile. The most intense of these solitons forms the smooth
long-wavelength peak in the spectrum, which is red-shifted with respect to the pump by both spectral recoil,
caused by dispersive wave emission, and stimulated Raman scattering. Both of these effects weaken with in-
creasing pump wavelength, so that the long-wavelength edge of the spectrum does not change significantly
between the 900 nm and 950 nm pump cases.

For anomalous dispersion pumping, the short-wavelength edge shifts to the blue with increasing pump
wavelength in an approximately symmetric fashion. This is due to the phase matching conditions for dispersive
wave generation. However, the energy content transferred across the ZDW also decreases with increasing pump
wavelength because the spectral intensity of the pump at the resonant wavelength decreases. Ultimately, the
pump wavelength is limited by fibre loss which becomes significant around 1400 nm.

2.6.2 Varying the pump power

Figure 2.6 shows calculated supercontinuum spectra and temporal profiles for a range of pump powers, un-
der conditions that are otherwise identical to Fig. 2.3. The spectrum broadens to both longer and shorter
wavelengths with increasing power. The highest shown pump power, 25 kW, corresponds to a launched aver-
age power of 112 mW from an 80 MHz oscillator. This approaches the maximum power used in experiments,
where the launched power is typically limited by coupling efficiencies of approximately 40%. Accompanying
the increased spectral broadening, increasing the input power results in the emergence of a greater number of
discrete solitons, spread over a greater temporal extent. This is partly a consequence of the higher soliton order
of the pump, as predicted by (2.1), and also a reduction of the soliton fission distance [4].

A major topic of this thesis is the energy and wavelength of the blue-shifted dispersive radiation. Figure 2.6
illustrates that to a certain extent, the dispersive radiation can be pushed to shorter wavelengths simply by
increasing the input power. This trend is predicted by the phase matching condition mentioned in Section 2.4,
which models the process as dispersive wave emission by a fundamental soliton. However, as we show in
Chapter 3, straightforward application of the standard theory considerably underestimates the blue-shift of
the dispersive radiation with increasing pump power. An improved picture of dispersive wave generation in
supercontinuum which more accurately describes this blue-shift is one of the major results of this thesis.

2.6.3 Pulse shaping

Several methods for ultrafast optical pulse shaping [90] are now well established. Generally speaking, pulse
shapers apply a programmable phase and/or amplitude mask in either the spatial, temporal, or spectral do-
mains. Several classes of pulse shapers have been developed, including direct space-to-time shapers [91],
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Figure 2.5: Calculated supercontinuum spectra and temporal profiles in 20 cm of Crystal Fibre NL-2.0-770 for
various pump wavelengths with pump peak power 5 kW and duration 50 fs (blue). The ZDW is indicated by the
black dashed line and the pump pulse is shown in red.
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black dashed line and the pump pulse is shown in red.
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Figure 2.7: A 4- f pulse shaper; the input pulse (lower left), diffraction gratings G1 and G2, and lenses L1 and L2

with focal length f .

acousto-optic programmable dispersive filters [92], and 4- f pulse shapers [93], which we use in this thesis.
The operating principle is illustrated in Fig. 2.7. The input pulse is angularly dispersed by diffraction grating
G1. Lens L1, placed one focal length f away from the grating, produces a spatial Fourier transform of the an-
gularly dispersed beam in the Fourier plane (FP). The transmission amplitude and phase of a spatially varying
mask placed in the Fourier plane are mapped directly into the frequency domain. A second lens L2 and grating
G2 recombine the wavelengths and recollimate the beam, a process which can readily be understood by noting
that the device is symmetric about the Fourier plane.

The most direct application of pulse shaping to supercontinuum generation is the temporal compression
of the resulting fields through spectral phase compensation [94]. The octave-spanning spectra which are rou-
tinely available render this an attractive method of accessing the few-cycle pulse regime, albeit for nanojoule
pulse energies. Alternatively, the pump pulse can be shaped, providing a limited degree of control over the
dynamics of the supercontinuum generation. A simple adjustment of the pump chirp can optimize the soliton
fission and also alter its location in the fibre [95], whilst more complex phase manipulations can influence self-
steepening and the soliton self-frequency shift or produce a shorter output [96–98]. In Chapter 4 of this thesis,
we adopt a different approach and apply spectrally narrow phase modulations to the pump. These produce
local enhancements of the spectral intensity of the supercontinuum.

2.6.4 Grating inscription

The production of narrow spectral enhancements in the supercontinuum is desirable for the frequency lock-
ing schemes discussed in Section 2.3.1. Such enhancements have been achieved by carrying out the super-
continuum generation in a fibre grating — a periodic modulation of refractive index profile of the fibre. Each
period of the modulation acts as a weak scatterer, coupling a small fraction of the light between the modes
of the fibre. Significant energy transfer between two modes can occur if the grating periodicity matches their
longitudinal wavenumber difference. The refractive index modulations can be introduced using ultraviolet in-
scription [16,99], microbends created by an radio-frequency driven flexural acoustic wave [100,101], or stresses
induced by pressure from a grooved plate [102].

One major class of fibre gratings, particularly relevant to this thesis, are fibre Bragg gratings. These res-
onantly couple forward- and backward-propagating modes at the Bragg wavelength λB, determined by the
relationship λB = 2n effΛwhere n eff is the effective refractive index of the fibre and Λ the grating period. Around
the Bragg wavelength, fibre Bragg gratings exhibit a photonic band gap, in which the propagation is strongly
attenuated. Outside of the bandgap, fibre Bragg gratings exhibit strong dispersion which has been used in
dispersion-compensation devices [103]. However, in supercontinuum generation the pulses under considera-
tion have considerably greater bandwidth than the bandgap, which is typically a few nanometres. On this scale,
the grating acts as a spectrally local phase and amplitude modulation. The first studies of supercontinuum gen-
eration in a fibre Bragg grating showed that this modulation resulted in an approximately tenfold enhancement
of the local spectral intensity [104]. Subsequently, this enhancement was used to improve the stability of a fre-
quency comb [54]. One of the results of this thesis, presented in Chapter 4 is an improved understanding of the
mechanism for this enhancement.

2.7 Outline of this thesis

We are now in a position to introduce the major results of this thesis.
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2.7.1 Blue light generation

As described in Section 2.4, the primary mechanism for the generation of energy at wavelengths shorter than
the pump is dispersive wave generation — the perturbation of solitons by cubic- and higher-order dispersion.
This blue light greatly contributes to the scientific and technological significance of supercontinuum genera-
tion — many of the applications described in Section 2.3 rely on the dispersive waves. Its importance is height-
ened by the fact that technologies for the generation of tuneable radiation below 700 nm are limited. With
few choices of optical gain media, other options are frequency-multiplication of longer wavelength sources or
four-wave mixing, which may have limited tuneability and bandwidth and can require amplified laser systems
which generally involve significant additional complexity and a reduction of the repetition rate. We were there-
fore motivated to study of the dispersive wave generation process in more detail with a view to understanding
its limitations and possibly identifying parameter choices in which it would be optimized.

Besides this practical goal of improving visible light generation, we were interested in resolving an appar-
ent inconsistency in the accepted picture of femtosecond-pumped supercontinuum generation. Specifically,
although this theory attributed the wavelengths shorter than the pump to dispersive wave generation, previous
studies of this process had only considered radiation shed by fundamental solitons [14,15]. However, our simu-
lations showed that in many cases, by the point in the fibre that fundamental solitons had emerged, dispersive
wave generation had practically ceased. Instead, the bulk of the dispersive wave energy was created during a
well-defined and narrow region during which the pump reached its maximum intensity and began to split into
different peaks. Instead of being a fundamental soliton during dispersive wave generation, the pump could be
more accurately described as a higher-order soliton undergoing soliton fission, raising the possibility that the
agreement between the experimentally observed properties of the dispersive waves and the present theoretical
description was partly fortuitous. Chapter 3 presents the results of this investigation.

2.7.2 Narrowband enhancement using spectral filtering

Section 2.6.4 discussed how writing a Bragg reflection grating into the generating fibre produced a spectrally
narrowband enhancement of the spectrum on the long-wavelength side of the Bragg resonance [104]. This
enhancement is useful for frequency-domain applications of supercontinuum generation, such as the interfer-
ometric self-referencing used in carrier-envelope phase stabilization [54] described in Section 2.3.1. Despite
these experimental demonstrations, and GNLSE simulations which agreed with experiment [105], an intuitive
physical explanation of the enhancement had not been presented at the commencement of this thesis. The
motivation for the work presented in Chapter 4 is to develop such an explanation. In addition, we sought to
ascertain whether such enhancements could be generated through other means. In Chapter 4, we show that
the enhancement mechanism can be understood as the action of self-phase modulation on a pulse with a nar-
rowband amplitude or phase feature. We demonstrate this by applying narrowband phase features to a pulse
using a pulse shaper, and studying the action of self-phase modulation produced by propagation in a photonic
crystal fibre.
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Chapter 3

Dynamics of dispersive wave generation

Dispersive wave generation is the primary source of blue-shifted radiation in supercontinuum spectra from
photonic crystal fibres (PCFs). Additionally, it is analagous to Cherenkov radiation, a ubiquitous and impor-
tant phenomenon in physics. As the primary means of producing radiation at wavelengths shorter than the
pump, dispersive wave generation is very important for supercontinuum applications. Frequency metrology
applications [12] exploit the octave-spanning spectra of supercontinuum by measuring the beat tone between
the dispersive waves in the blue and the second harmonic of the Raman-shifted solitons in the red. Optical
coherence tomography [7], fluorescence microscopy [62], coherent anti-Stokes Raman microscopy [64] and
two-photon fluorescence microscopy [63] are all proven or potential applications of dispersive waves in su-
percontinuum. In general, as a tool for frequency conversion to the blue and near-ultraviolet, dispersive wave
generation is seen as a useful alternative to harmonic generation or optical parametric amplification.

This chapter presents a study of dispersive wave generation in femtosecond-pumped supercontinuum.
This study lead to a publication, “Dispersive wave blue-shift in supercontinuum generation”, which forms the
main body of the chapter. One specific aim was to understand the dynamics which shape the short-wavelength
edge of the supercontinuum, with a view to possibly extending it or increasing its energy content. Addition-
ally, we sought to reconcile the established description of dispersive wave generation by fundamental solitons
with the fact that during supercontinuum generation, significant dispersive wave generation occurs before the
soliton fission, when the pump more closely resembles a higher-order soliton.

This chapter is structured as follows: Section 3.1 contains a discussion of the established picture of dis-
persive wave generation by a fundamental soliton. Section 3.2 presents the paper which contains the main
study.

3.1 Dispersive wave generation by a fundamental soliton

In nonlinear optics, dispersive wave generation is the process by which higher order dispersion (i.e. cubic
and above) perturbs a soliton, causing it to shed energy to low-amplitude linear waves. The first theoretical
predictions [14, 15, 76, 106] were in the context of optical communications, where dispersive wave generation
was seen as a detrimental energy loss. Another important context was in mode-locked oscillators that were
operated near the zero group-delay dispersion. Again, dispersive wave generation was seen as a nuisance,
extracting energy from the main pulse [107–109]. The role of dispersive wave generation in supercontinuum
was recognized [5] shortly after the spectacular spectral broadening demonstrated by Ranka et al. in 2000,
leading to several more detailed studies [110–112] which pertain to this thesis and will be considered in more
detail below. Dispersive wave generation was also observed in nonlinear pulse propagation experiments in
anti-resonant PCF [113]. The spectral recoil of solitons — red- or blue-shifting away from the dispersive wave
to conserve the spectral “centre-of-mass” — has been exploited to cancel the Raman self-frequency shift for
constant wavelength propagation [114, 115].

The original detailed studies of dispersive wave generation [14, 15, 76] focused on fundamental solitons
which were weakly perturbed by higher-order dispersion to produce a low-amplitude temporal pedestal. Al-
though the mechanism is briefly reviewed in the paper which forms the main body of this chapter, we shall now
present a more thorough treatment. A fundamental optical soliton is an exact solution AS(T, z ) of the nonlinear
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Schrödinger equation
∂ A(T, z )
∂ z

= i
β2

2

∂ 2A(T, z )
∂ T 2

+ iγ|A(T, z )|2A(T, z ) (3.1)

where β2 is the quadratic dispersion and γ the strength of the third-order instantaneous nonlinearity. As with
Section 2.4, z is the distance along the fibre whilst T is the time in the comoving frame. For β2 < 0, the funda-
mental soliton solution is

AS(T, z ) =
p

PS sech

�

T

TS

�

exp

�

i
γPS

2
z

�

(3.2)

where PS is the peak power and TS the soliton duration, related to the fibre parameters by the fundamental
soliton condition

T 2
S γPS = |β2|. (3.3)

The distinguishing characteristic of the fundamental soliton is that in the comoving frame, it is unchanged by
propagation except for a phase factor γPSz/2. Moving to the laboratory frame, we have

ES(t , z ) = AS(t −β1z , z )exp(iβ0z − iωSt ) (3.4)

=
p

PS sech

�

t −β1z

TS

�

exp

�

i (
γPS

2
+β0)z − iωSt

�

(3.5)

showing that the soliton travels at the group velocity of its central frequency with slightly increased axial wave
number γPS

2
+ β0 arising from the intensity-dependent refractive index. Here, β0 and β1 are the zeroth- and

first-order components of the dispersion relation of the fibre. A dispersion relation for the field comprising a
soliton can be obtained by Fourier transforming (3.5) in t and z , yielding

ES(ω, k ) =π
p

PSTS sech
�

ω−ωS

2
πTS

�

δ

�

k −
�

γPS

2
+β0+(ω−ωS)β1

��

(3.6)

The Dirac delta function is nonzero only for values k =βS(ω)where

βS(ω) =
γPS

2
+β0+(ω−ωS)β1 (3.7)

is the soliton wavenumber. The soliton dispersion curve is parallel to the tangent of the fibre dispersion curve
at ωS and offset from it by the nonlinear phase γPS

2
. Figure 3.1(b) compares the soliton and fibre dispersion

relations for a fundamental soliton, shown in Fig. 3.1(a), with intensity full-width at half-maximum (FWHM)
duration 50 fs, peak power 46 W and centre wavelength 780 nm. The fibre dispersion relation is a second-order
fit to that of NL-20-770, whose parameters were presented in Section 2.4. The stability and robustness of the
soliton arises from the fact that fibre and soliton dispersion curves do not intersect, so resonant coupling is
impossible if only quadratic dispersion is present [14].

Dispersive wave generation occurs when higher-order dispersion is present, and the fibre and soliton dis-
persion curves intersect. This is depicted in Fig. 3.2, in which the exact fibre dispersion relation has been
used — otherwise the parameters are identical to Fig. 3.1. Principally, it is the positive third-order phase
which causes the fibre fibre and soliton dispersion relations to intersect. Mathematically, this intersection
requires βS(ωR) = β (ωR) the widely used condition for dispersive wave generation. Various approximate treat-
ments [14,15,116] have shown that energy transfer only occurs if soliton possesses significant spectral intensity
at the resonant wavelength. Being low-amplitude radiation in the normal dispersion regime, the dispersive
wave broadens into a long pedestal. Furthermore, the soliton and dispersive wave generally have different
group velocities and tend to separate, although under certain conditions [117] “light-trapping” can occur so
that the dispersive wave remains bound to the soliton.

Dispersive wave emission also affects the soliton. The loss of energy results in temporal broadening so as
to maintain the fundamental soliton condition (3.3). Furthermore the soliton is also spectrally shifted away
from the resonant wavelength in a process known as “spectral recoil”, a fact which is intuitively explained by
observing that in the frequency domain the NLSE (3.1) conserves the first spectral moment, or “centre-of-mass”

M (z ) =

∫∞
−∞ω|A(ω)|2dω
∫∞
−∞ |A(ω)|2dω

. (3.8)

A proof of this statement is given in Appendex B. Emission in the blue must therefore be accompanied by a shift
of the remaining spectrum to the red. Together, these effects reduce the soliton’s spectral intensity at the reso-
nant wavelength until dispersive wave generation and the soliton stabilizes. The spectral recoil is particularly

23



3. DYNAMICS OF DISPERSIVE WAVE GENERATION

(b)

β
(r

ad
/m

m
)

ω (rad/fs)

(a)

In
te

n
si

ty

2.3 2.4 2.5 2.6

−0.05

0

0.05

0

0.5

1

Figure 3.1: Soliton vs fibre dispersion relations for
second-order dispersion. (a) Soliton spectrum.
(b) Soliton (red) and fibre (blue) dispersion rela-
tions.
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Figure 3.2: Soliton vs fibre dispersion relation
with dispersion relation of a PCF. (a) Soliton spec-
trum. (b) Soliton (solid red) and fibre (blue) dis-
persion relations. The zero-dispersion frequency
(green) is also indicated. In (a) and (b) the soliton
spectrum and dispersion relation are redrawn for
a lower soliton frequency (faint red).

effective at suppressing dispersive wave generation because the motion of the resonant wavelength roughly
“mirrors” the soliton centre wavelength about the zero-dispersion wavelength, as illustrated by the faint lines
in Fig. 3.2.

A simulation demonstrating the process is shown in Fig. 3.3. The parameters are those of Fig. 3.2 — a
fundamental soliton with centre wavelength 780 nm launched into a length of NL-20-770. Part of the spectrum
extends across the zero-dispersion wavelength (shown as a white dashed line), leading to a gradual energy
transfer to the resonant wavelength (shown as a green line) during the first 2 m of propagation. The soliton’s
centre wavelength (shown as a solid white line) recoils to the red, stabilizing the soliton so that dipsersive wave
generation effectively ceases. The corresponding movement of the resonant wavelength away from the zero-
dispersion wavelength (ZDW) can also be seen.

It should be noted that the shock term and the Raman self-frequency shift both cause the GNLSE to violate
conservation of the spectral centre of mass. Appendix B investigates these violations analytically. To give an
indication of the magnitude of the shift in the spectral centre of mass, this quantity is plotted in Fig. 3.4 for the
simulation of Fig. 3.3. Four cases are shown: the NLSE (equation (3.1)), the NLSE with Raman term, the NLSE
with shock term, and the full GNLSE. Over 10 m of propagation, the shock term causes a small (≈ 0.1 nm) blue-
shift, whereas Raman scattering causes a significant (8 nm) red shift. However, dispersive wave generation
effectively ceases after 1 m (see Fig. 3.3(b)), at which point the Raman-induced change in the spectral centre of
mass is only 1.5 nm. This suggests that the Raman self-frequency shift does not play an important role in the
spectral recoil mechanism.

Having described dispersive wave generation by a weakly perturbed fundamental soliton, we shall now
move on to the main work of this chapter, the dynamics of dispersive wave generation in supercontinuum
generation.
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1. Introduction

Optical supercontinuum (SC) generation [1] is a versatile source of intense ultra-broadband
laser light. The interaction of a narrowband laser pulse with dispersion and nonlinearity [2]
produces fields of enormous bandwidth that nonetheless retain the coherent nature of their
source. One particularly useful and widespread method of achieving SC generation is injecting
femtosecond pulses from a Ti:Sapphire mode-locked laser into small-core (≈ 1µm) photonic
crystal fibers [3, 4]. The resulting octave-spanning output spectra are due to the combined ac-
tion of several processes. One of these is dispersive wave emission [5, 6], which is primarily
responsible for wavelengths shorter than the pump. Dispersive waves are important for many
applications, such as time frequency metrology [7], optical coherence tomography [8], mi-
croscopy [9]. Indeed, in many situations SC generation is merely seen as a means of converting
light from 800 nm to the visible. To exploit this ability to its fullest, a complete understanding
of the dynamics of dispersive wave emission in SC generation is desirable. In this paper we use
numerical simulations to explore the limitations of the present understanding involving funda-
mental solitons [5, 6]. We aim to understand the condition of the pump pulse during dispersive
wave generation so as to more accurately predict the emitted wavelengths.

Since dispersive wave emission is but one of a series of interrelated processes leading to
SC generation, we now summarize the present understanding [2, 10]. The photonic crystal
fibers used for SC generation typically have zero-dispersion wavelength slightly shorter than
the Ti:Sapphire pump wavelength. The pump pulses experience anomalous dispersion, which,
combined with self-phase modulation, leads to higher-order soliton formation. Both higher or-
der dispersion and the non-instantaneous nonlinear response act as perturbations, causing the
higher-order soliton to fission into its constituent fundamental solitons. These solitons are con-
siderably shorter than the pump [11], partly explaining the massive spectral width of the SC. In



addition, stimulated Raman-scattering causes red-shifting, which continues to act on the fun-
damental solitons via the soliton self-frequency shift [12] well after the break-up is complete.
Finally, higher-order dispersion causes solitons to shed energy to dispersive waves (also known
as non-solitonic radiation). The spectrum of dispersive waves is usually blue-shifted relative to
the pump because of the positive dispersion slope at the pump wavelength.

The original detailed studies of dispersive wave generation [5, 6, 13] were in contexts other
than SC generation. They focused on fundamental solitons, which, when weakly perturbed
by higher-order dispersion, shed radiation in the form of a low amplitude temporal pedestal.
The radiation frequency ωR is governed by phase matching between the soliton and the low
amplitude linear waves; that is βS(ωR) = β (ωR) where βS is the soliton wavenumber and β
is the fiber’s linear dispersion curve. The implied assumption that the soliton wavenumber is
independent of z was approximately true in the original studies [5, 6, 13] because the solitons
were both fundamental and weakly perturbed. Thus, besides a small nonlinear phase-shift, the
solitons propagated undisturbed at the phase and group velocities of the fiber, leading to a
simple expression for βS

βS(ω) = β (ωS)+β1(ωS)(ω −ωS)+
γ(ωS)PS

2
, (1)

where ωS and PS are the soliton’s centre frequency, and peak power, subscripts on β denote
frequency derivatives, and γ is the fiber’s nonlinear coefficient. The power-dependent term rep-
resents the nonlinear phase-shift and is often small compared to the other terms in Eq. (1).
Equating βS given in Eq. (1) with the linear wavenumber yields the well-known resonance
condition

∑
n≥2

βn(ωS)

n!
(ωR −ωS)

n =
γ(ωS)PS

2
, (2)

which is commonly used to predict the location of dispersive wave emission [2, 4, 14, 15].
Disagreement between Eq. (2) and experiment is usually attributed to uncertainty in the fiber

dispersion curve. However, we shall show that even in simulations, significant disagreement
occurs, especially at high powers where dispersive wave generation is most efficient. Explaining
this discrepancy is the motivation for this work. In particular, we show that efficient dispersive
wave generation occurs over a narrow range of propagation distances before the emergence of
distinct fundamental solitons. Examining the state of the pump pulse during this region, we find
that the dispersive wave generation is nonetheless well described by a fundamental soliton-like
state, provided a red-shift caused by higher-order dispersion in considered.

We note that another mechanism for dispersive wave blue-shift is cross-phase modulation
with one of the solitons [16]. It critically depends on the walk-off dynamics between the two
components and produces a distinct splitting of the dispersive wave spectrum. Some cross-
phase modulation was observed in our work, especially for high input powers. However, ad-
ditional blue-shift of the dispersive waves was observed even in those cases where significant
cross-phase modulation did not occur. We attribute the diminished influence of cross-phase
modulation to differences in the walk-off between the solitons and the dispersive wave. The
parameters cited by Genty et al. [16] are such that the dispersive wave and ejected soliton have
similar group velocities, yielding a gradual walk-off that produces a strong cross-phase modu-
lation effect. Here, in contrast, the group velocity of the dispersive waves is considerably slower
than that of the ejected soliton, so they quickly fall behind and the cross-phase modulation is
weak.



2. Preliminary simulation results

In this section we present the results of a numerical simulation of femtosecond-pumped SC
generation using typical experimental parameters. We use the scalar Generalized Nonlinear
Schrödinger equation [17, 18], the standard formalism for SC generation:

∂A(T,z)
∂ z

= ∑
n≥2

in+1

n!
βn

∂ nA
∂T n + iγ

(
1+ iτshock

∂
∂T

)(
A(z,T )

∫ +∞

−∞
R(T ′)|A(z,T −T ′)|2dT ′

)

(3)
where A(T,z) is the time domain envelope, T = t − β1z is retarded time, z is axial propaga-
tion distance, βn and γ are the nth order dispersion and nonlinear coefficients evaluated at
the reference frequency ω0, τshock models the dispersion of the nonlinearity and R(T ) is the
usual silica Raman response [18]. Femtosecond-pumped SC generation occurs in millimetres
or centimetres of fiber and losses are therefore ignored. The initial conditions were unchirped
hyperbolic-secant pulses i.e. A(T,0) =

√
P0 sech(T/T0).

Equation Eq. (3) was solved using the symmetrized Fourier split-step method, using a sec-
ond order Runge-Kutta algorithm for the nonlinear step. The discretization was sufficient to
contain all energy (down to the -40 dB level) in the time and frequency windows, and adaptive
step-sizing via step-doubling was used to improve efficiency. The optical photon number was
tracked to estimate the global error, which was less than 1%. Although for clarity we here write
the reference frequency equal to equal that of the pump, our code used an internal reference
frequency approximately equal to the midpoint of the supercontinuum output spectrum so as to
most efficiently use the simulated optical bandwidth.

We first consider a single simulation of an N = 5 pump soliton. The other parameters are
given in Table 1. The fiber is modeled on Crystal Fibre NL-2.0-740, a typical high air-fill
hexagonal photonic crystal fiber designed for nonlinear experiments at 800 nm. Dispersion co-
efficients were measured using white-light interferometry [19], whilst the nonlinear coefficient
was supplied by the manufacturer. We choose τshock = 1/ω0, ignoring the frequency-dependent
effective area which has been shown to have negligible effect for this parameter regime [20].
A summary of the results is given in Fig. 1, whilst an animation of the spectral, temporal and
spectrographic evolution is linked to Fig. 2. A broad dispersive wave emerges around 629 nm
at z = 36 mm, indicated by the vertical lines in Figs. 1(b) and 1(d).

Symbol Name Value
N soliton number 5
P0 pump peak power 1365 W
λ0 pump centre wavelength 810 nm
T0 pump duration 45 fs
β2 quadratic dispersion −10.64 ps2/km
β3 cubic dispersion 0.04875 ps3/km
β4 quartic dispersion 8.164×10−5 ps4/km
γ nonlinear coefficient 96.20 W−1km−1

λZDW zero-dispersion wavelength 749.3 nm
L fiber length 100 mm

Table 1. Simulation parameters
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Fig. 1. Supercontinuum generation in 100 mm PCF using a 45 fs fifth-order soliton (N = 5)
as pump at 800 nm; (a) pump (blue) and output (red) temporal profiles; (b) pump (blue)
and output (red) spectra, with dispersive wave marked by black vertical line; (c) temporal
intensity; (d) spectral intensity, with dispersive wave generation region marked by white
horizontal lines and dispersive wave marked by a white vertical line. Color plots are loga-
rithmic with 40 dB range and normalized to the most intense pixel.

3. Soliton wavenumber description

We now consider the validity of using Eq. (2) to solve the phase matching condition to esti-
mate the blue shift. First, in the context of SC generation it is unclear what values to assign
ωS and PS. For the former, previous authors have implicitly used the pump frequency [14, 15],
whilst the latter is either taken to be the pump power, or zero since in any case this term has
a only a small effect. Using ωS = ω0 and PS = 0, a resonance at 659 nm is predicted, 30 nm
above the simulation result. Alternatively, putting PS = P0 predicts 654 nm, still considerably
larger. To show that this discrepancy is not an isolated special case, we repeated the simula-
tion with different pump powers, corresponding to launched soliton numbers 2 ≤ N ≤ 10, and
extracted the dispersive wave location. The results are shown in Fig. 3(a), and the well-known
blue-shift of the dispersive wave with increasing pump power is evident. Here we note that,
in addition, the soliton wavenumber prediction becomes increasingly inaccurate. To ascertain
whether any amount of nonlinear phase-shift could explain the discrepancy, we computed the
maximum power Pmax over all points (T,z) in the propagation, and set PS = Pmax in Eq. (2).
Since higher-order soliton evolution involves an initial temporal contraction, we expect this to
be significantly higher than the pump peak power and hence cause a larger dispersive wave
blue-shift. However, as Fig. 3(a) shows, this is still not sufficient to explain the numerically
observed values.

To demonstrate that the nonlinear phase-shift can in no way be wholly responsible for the
blue-shift, we inserted the numerically observed blue-shift into Eq. (2) and solved for PS, thus
finding the peak power required to achieve the observed nonlinear phase-shift. In Fig. 3(b), this
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shows the energy in the dispersive wave over the full propagation distance whilst the solid
red curve is restricted to z values up to that of the animation frame. The still image above
shows the state at z = zmax = 36 mm, the point of maximum temporal intensity of the field.
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Fig. 3. (a) Wavelength of dispersive wave vs soliton number; as extracted from simulations
(red circles); and as predicted from soliton wavenumber using peak power (green stars),
pump power (blue squares), and zero power (black diamonds). (b) Temporal intensity vs
soliton number, launched pump peak power (blue squares), maximum power achieved over
all (z,T ) (red circles), and power that would be required to achieve the numerically ob-
served blue-shift of the dispersive wave through the nonlinear phase-shift (magenta trian-
gles).
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Fig. 4. Dispersive wave generation; (a) energy in dispersive wave vs z for N = 4 (dashed
green), N = 5 (solid red) and N = 6 (dotted blue); (b) Region of efficient dispersive wave
generation vs N, defined by + signs (blue), point of maximum intensity (red dots) and
approximate expression for soliton fission point LD,2/N (green dashed).

is shown to greatly exceed the actual peak power Pmax obtained from the simulations.
Having shown that Eq. (2) becomes increasingly inaccurate with increasing pump power, we

now consider the reason for this discrepancy. The soliton wavenumber Eq. (1), used in deriving
Eq. (2), describes a fundamental soliton driving a low-amplitude dispersive wave, which can
be treated as a small perturbation. Here, however, we have a fifth-order soliton, which even in
the absence of perturbations undergoes complex periodic evolution. In addition, higher-order
dispersion significantly alters the propagation, as is clear from the large amount of energy in
the dispersive wave. Since analytic solution of Eq. (3) is intractable, we numerically examine
the state of the pump pulse as dispersive wave generation is occurring.

4. Conditions during dispersive wave generation

As Fig. 1 suggests, efficient dispersive wave generation occurs during a short propagation re-
gion. To test this thoroughly, we computed the dispersive wave energy, defined as all energy
with wavelength less than 40 nm above the dispersive wave peak, as a function of z. The results
are shown in Fig. 4(a) for several N, and the discontinuous, sudden nature of dispersive wave
generation is apparent. We defined the “dispersive wave generation region” (DWGR) as the z
values over which the dispersive wave energy grows from 20 % to 80 % of its final value. We
tested a number of alternative definitions for the dispersive wave energy and DWGR and found
that our conclusions were unaffected. For N = 5, the DWGR is illustrated by the white horizon-
tal lines in Fig. 1, whilst the start and finish are shown for 3 < N < 10 in Fig. 4(b). Also shown
is the point z = zmax, defined as the z-coordinate where the pump pulse reaches its maximum
temporal intensity Pmax. For the range of N considered here, zmax lies within the DWGR, which
is 2–8 mm in length. Furthermore, both the DWGR and zmax show good agreement with an
approximate expression for the soliton fission distance zfiss = LD/N, where LD = T 2

0 /|β2| is the
quadratic dispersion length [4].

We now examine the pump pulse in the DWGR. Although Fig. 2 is linked to an animation
showing the complete evolution of the supercontinuum, the still image shows the conditions at
z = zmax = 36 mm. Several temporally overlapping structures are evident, including the begin-
nings of the dispersive wave around 650 nm and a well defined pulse which goes on to become
the most intense ejected soliton.

5. Nonlinear wavenumber

To study the phase-matching between linear waves and the evolving pump pulse numerically,
we define the nonlinear wavenumber as the spatial frequency including the effects of the non-



linearity. This is easily derived by taking the Fourier transform of Eq. (3) and recasting it in the
form

∂A(ω ′,z)
∂ z

=

{
i
[
βNL(ω,z)−β (ω0)−β1(ω0)ω ′]− αNL(ω,z)

2

}
A(ω ′,z), (4)

where ω ′ =ω−ω0, so that βNL(ω,z) and αNL(ω,z) are the z-dependent nonlinear wavenumber
and loss respectively. Equating coefficients we find

βNL(ω,z) = β (ω)+ γ
(
1+ τshockω ′)Re

FT
[
A(T,z)R(T )∗ |A(T,z)|2

]

A(ω ′,z)
, (5)

where FT denotes the Fourier transform at frequency ω ′. Using the pre-computed solution
A(ω,z), the nonlinear wavenumber can be evaluated as desired. Clearly, at low intensities lin-
ear effects dominate and βNL ≈ β , whilst for a fundamental soliton at the carrier frequency
experiencing quadratic dispersion and self-phase modulation only, Eq. (5) reduces to Eq. (1).
The N-soliton pump pulses are N2 times more intense, and therefore would “compensate” for
a correspondingly larger amount of quadratic dispersion, if it were present. At z = 0, this leads
to

βNL(ω) = β (ω)+ γP0/2−N2β2ω ′2, (6)

ignoring Raman and self-steepening. The subsequent evolution of the pump is complex and
already well understood in terms of soliton-effect compression [21]. Our aim here is to relate
the phase-matching between the compressed pump and linear waves during the DWGR to the
dispersive wave growth. Figure 5(a) shows the spectrum at the start and end of the DWGR,
whilst Fig. 5(b) shows the linear, soliton and nonlinear wavenumbers at the point of maximum
intensity zmax. The linear and nonlinear wavenumbers intersect at ν = 478 THz, close to the
dispersive wave frequency of ν = 476 THz. By contrast, the soliton wavenumber intersects
at ν = 458 THz, underestimating the blue-shift. For plotting, the transformation βNL(ω)′ =
βNL(ω)−β (ω0)−β1(ω0)ω ′ (defined similarly for β and βS) is applied. This removes the linear
phase and group velocities (equivalent to the transformation from the lab to the retarded frame)
to make the curvature evident. Also, we plot the spectra and wavenumbers against frequency
rather than wavelength as that is the natural domain of the latter. Figure 5(c) shows βNL for
various pump powers, and the blue-shift of the intersection point with increasing power is
evident. The anomalous behavior of the N = 7 curve around 450 THz is due the rapid change
in phase that occurs when self-phase modulation drives the complex spectral amplitude A(ω,z)
through or close to zero. In general, βNL is ill-defined for any frequency at which A(ω,z) is
close to zero. In Fig. 5(d) we present the resonant wavelength obtained from βNL for the full
range of N, showing good agreement with the simulation data. The average and maximum
differences between the two curves are 7 nm and 18 nm respectively.

The evolution of βNL is shown in the animation attached to Fig. 6(a). The initial condition,
as expected from Eq. (6), is roughly parabolic, but after only 5 mm the nonlinear wavenum-
ber has become nearly straight. After soliton fission has occurred, the linear behavior is lost as
complex inter-soliton interactions occur. Two simple interpretations are evident from the ani-
mation. First for z > 50 mm, βNL ≈ β for ν > 470 THz, showing that nonlinear interactions
with the dispersive waves have effectively ceased. Second, the straight section of βNL at low ν
for z > 50 mm corresponds to the emergence of a spectrally distinct fundamental soliton, which
gradually red-shifts due to Raman scattering.

To verify that the increase of βNL around ν = 477 THz is not caused by the influence of
the local linear wavenumber, we simulated supercontinuum in a hypothetical fibre with β3 = 0
and β4 = 4.459×10−4 ps4/km, chosen to give the same dispersive wave resonance wavelength
as before, i.e. 659 nm. The other parameters were identical. The resulting dispersion curve is
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Fig. 6. (a) Animation (2.5 MB) of evolution of nonlinear wavenumber for N = 5 pump; tem-
poral profile (upper axes), spectrum (lower-right y- axis, green), and linear and nonlinear
wavenumbers (lower-left y-axis, red and dotted blue respectively). (b) Animation (2.5 MB)
of spectrum, temporal profile, spectrogram and dispersive wave generation in supercontin-
uum using N = 10 pump. Two black dashed lines also appear in the spectrum animation,
indicating the original dispersive wave (at the end of the dispersive wave generation region
at z = 18 mm) and the subsequent blue-shift caused by additional nonlinear processes.
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symmetric about the pump frequency (in the retarded frame), and the fourth order dispersion
creates a second resonance at 1052 nm. Over 3 < N < 10, we found no power-dependent blue-
shift of the dispersive wave. Therefore, the blue-shift is not caused merely by the upturn of the
linear dispersion curve at high ν , or some property of the higher order soliton evolution.

6. Spectral recoil of dominant fundamental soliton

Despite the complex multisoliton state of the pump during the DWGR, the nonlinear wavenum-
ber curves are surprisingly linear over a broad frequency range, explaining why the soliton
wavenumber has enjoyed reasonable accuracy previously. In Fig. 5(b), the two large deviations
of βNL from an approximately straight line occur around the pump frequency (ν = 370 THz),
where the spectral intensity is low since SPM is driving the field through or nearby the origin
causing a rapid change in phase. The linear dependence of βNL on frequency is a signature of
fundamental soliton propagation, and we attribute it to the dominant effect of the most intense
fundamental soliton which forms part of the multisoliton initial state [11]. Since the soliton
wavenumber is parallel to the tangent of the linear wavenumber at the soliton’s centre fre-
quency, the slight positive slope of βNL in Fig. 5(c) corresponds to a red-shift of the soliton,
resulting in a blue-shift of the intersection point with the linear wavenumber curve. This anal-
ysis is consistent with previous work, which attributed pump red-shift, in a general sense, to
Raman scattering and third-order dispersion [15]. However, here we show that the pump red-
shift can be interpreted as the spectral recoil of a fundamental soliton.

We found that the Raman effect has very little influence on the soliton red-shift nor on the
dispersive wave phase-matching conditions. In Fig. 7(a), we compare the nonlinear wavenum-
ber at zmax with and without the non-instantaneous Raman response included in the simulation.
The difference is minor, and it therefore not surprising that the wavelengths of dispersive wave
emission are nearly identical, as shown in Fig. 7(b). Despite this, we found that energy transfer
to the dispersive wave was significantly reduced by Raman scattering, consistent with previous
numerical results by Dudley et al. [4], who attributed the reduction to Raman self-frequency
shifting of the first ejected fundamental soliton.

The only remaining effects which break the frequency symmetry are odd orders of dispersion,
of which only β3 is considered here. In addition to dispersive wave emission, third-order disper-
sion causes a spectral recoil of fundamental solitons away from the zero-dispersion wavelength
in order to conserve the spectral “centre of mass” [5,13]. In Eq. (3), both self-steepening and Ra-
man scattering violate the conservation of this quantity; however our simulations show that over
the DWGR, the spectral centre of mass remains nearly constant (significant red-shifting occurs
afterwards due to the soliton self-frequency shift). We therefore attribute the power-dependent



red-shift of the dominant pump soliton, and corresponding dispersive wave blue-shift, to spec-
tral recoil caused by the dispersive wave emission. This also explains why no power dependent
blue-shift was observed in the β3 = 0 case mentioned earlier — the two resonances spaced
equidistantly (in frequency space) on either side of the pump cancel out any spectral recoil.

To demonstrate the validity of this argument, we solved Eq. (2) simultaneously with the
spectral balance condition

ωR fR +ωS(1− fR) = ω0, (7)

treating both ωR and ωS as unknowns. The fraction of energy fR transferred to the dispersive
wave is extracted from the simulations. We therefore calculate a pair of pump soliton and disper-
sive wave frequencies which are both phase matched and conserve the spectral centre of mass
at the pump frequency. As expected, the recoil of the pump soliton increases with N. Further-
more, the calculated resonant frequency agrees to within 15 nm with the observed dispersive
wave emission for N ≤ 9. Whilst a detailed study of the energy transferred to the dispersive
wave is beyond the scope of this work, a rough a priori estimate of this quantity would enable
Eq. (7) to be used in conjunction with Eq. (2) as an improved prediction of the dispersive wave
wavelength.

For larger N, the blue-shift is underestimated, which we attribute to the complicating in-
fluence of cross phase modulation and four-wave mixing between the solitonic and dispersive
wave components [16, 22, 23] and possibly interactions between the solitons themselves [24].
This is seen by examining the N = 10 case, attached of Fig. 6(b). By the end of the DWGR at
z = 18 mm, a spectrally distinct dispersive wave is evident at 585 nm, as indicated by a black
dashed line. However, the complex series of interactions that occur with subsequent propaga-
tion have the net effect of blue-shifting the peak an additional 10 nm to 575 nm, indicated by
the second line. The interactions also introduce fine structure into the dispersive wave spec-
trum, suggesting that a “clean”, near-transform limited dispersive wave pulse can be produced
by truncating the fibre just after the DWGR.

We also note that in fibres with a negative dispersion slope, self-frequency shift compensation
of fundamental solitons [25, 26] can occur because the soliton’s recoil to the blue, away from
the dispersive wave, opposes the Raman red-shift. Our results suggest that novel dynamics may
be observed by performing similar experiments using higher-order solitons, such that the initial
spectral recoil “overcompensates” for the Raman red-shift, forcing the pulse to the blue until
an equilibrium is reached.

7. Summary

We first demonstrated that the dispersive waves emitted in femtosecond pumped supercontin-
uum generation experience a power-dependent blue-shift which cannot be explained by the
standard picture of phase-matched emission by a fundamental soliton at the pump wavelength,
even for the highest peak powers attained by the pump during propagation. Closer examination
revealed that the majority of dispersive waves are produced in a narrow region where soliton-
effect compression produces maximum intensity of the pump pulse. Although soliton fission
has not yet progressed to the stage where distinct fundamental solitons are evident, the spatial
frequency of the waves is dominated by a single fundamental soliton which is red-shifted by
third-order dispersion. The physical interpretation of this red-shift is spectral recoil from the
dispersive waves.

TGB acknowledges support through the Denison Distinguished Visitor scheme. This work
was supported by an ARC Discovery Grant.



Chapter 4

Spectral enhancement using narrowband
spectral filtering

In this chapter we describe a general technique for increasing the spectral intensity of an optical pulse in a
narrow spectral region. The technique is applicable to supercontinuum insofar as supercontinuum consists of
a train of pulses in a χ (3) medium. There exist several possible implementations, but in general form, the tech-
nique consists of applying a narrowband spectral phase or amplitude filter followed by self-phase modulation
(SPM). Amplification occurs in the spectral regions affected by the filter. The technique has been indepen-
dently discovered in several different contexts and has applications in frequency metrology [54] and nonlinear
microscopy [118]. However, a simple intuitive yet quantitative description of the enhancement mechanism
was absent from the literature. In this chapter, we identify a link between these contexts and reduce them
to a single simple universal principle. Briefly, the enhancement may be understood as interference between
the original field, which possesses the spectral feature, and the components generated by SPM, which lack the
spectral feature because of the ultrafast gating nature of SPM. Applying this understanding, we demonstrate a
novel implementation that overcomes some of the limitations of existing techniques.

Our investigation was prompted by experimental observations of narrowband spectral enhancements caused
by the writing of Bragg reflection gratings into supercontinuum-producing fibre. A fibre Bragg grating is a peri-
odic modulation of the fibre’s properties — usually the core refractive index — which resonantly couples light
into the backwards propagating mode. For the forward propagating mode, a Bragg grating therefore acts as an
absorptive filter which acts on the supercontinuum simultaneously with the other effects already present in
uniform fibre, such as dispersion, SPM, and Raman scattering. However, the enhancement mechanism relies
only on the grating dispersion and SPM, and can be reduced in several steps to the problem of a single pulse
with a narrowband phase or amplitude feature experiencing SPM. We therefore discovered a new, universal
property of SPM, which was experimentally verified. This led to the publication “Narrowband supercontin-
uum control using phase shaping” which forms the main part of this chapter.

An overview of the chapter is as follows: Section 4.1 describes the original experimental findings, involv-
ing Bragg gratings written onto supercontinuum-generating fibres, which prompted our investigation. Sec-
tion 4.2 describes how the effect of the grating is incorporated into generalized nonlinear Schrödinger equation
(GNLSE) used to model supercontinuum generation. Section 4.3 presents a simulation which illustrates the
spectral enhancement in the supercontinuum produced by a Bragg grating. The main results are then given in
the form of a paper in Section 4.4.

4.1 Background and motivation

In 2004, Westbrook et al. [104] demonstrated a 10× enhancement of the supercontinuum spectrum near the
resonant wavelength of a Bragg grating inscribed using UV photosensitivity [119,120] in highly nonlinear fibre.
Nonlinear propagation in fibre Bragg gratings had been studied previously [121, 122] and exhibits a variety of
novel effects, such as gap soliton formation [123]. However, in these studies the pulse bandwidth was similar to
the grating bandwidth, whereas the femtosecond pulses used by Westbrook et al. were much more broadband.
Westbrook et al. also pointed out the potential benefit of local spectral enhancements to frequency metrology
applications, and the effect was quickly exploited to improve the signal-to-noise ratio of a frequency comb [54].
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4.2 Theory

This and subsequent investigations [105, 124, 125] established that the enhancement always occurred on the
long wavelength side of the bandgap, whilst on the short wavelength side depletion was often observed. The
enhancement was often accompanied by the development of a complex spectral structure around the bandgap,
and was realised to be related to the grating’s dispersion, which is significant even for wavelengths away from
the bandgap [103, 126]. Finally, despite the absence of a simple physical explanation, the enhancement was
well described by the nonlinear Schrödinger equation.

4.2 Theory

A fibre Bragg grating couples forward- and backward-going modes, and this must be incorporated into the
GNLSE to model supercontinuum. A general approach is to augment the linear coupled mode theory [127]
used for analysis of transmission and reflection spectra of gratings with terms representing the χ (3) [122, 128,
129] nonlinearity. When applied to fibre Bragg gratings, coupled mode theory produces coupled differential
equations for the longitudinal evolution of the amplitudes of the forward and backward-going modes. How-
ever, in this work, along with most other treatments of supercontinuum generation in a fibre Bragg grating
[104, 124], coupled mode equations are generally deemed unnecessary because the bandwidths of the pulses
encountered in supercontinuum generation greatly exceed the bandgap of the grating, so that the backscat-
tered field is weak and may be neglected. Furthermore, difficulties arise in imposing the appropriate boundary
conditions for coupled mode theory: at the start of the grating the amplitude of the forward-going mode must
equal the incident field, whilst at the end of the grating the amplitude of the backward-going mode must be
zero. This prevents the straightforward integration of the GNLSE used in single-moded problems, and an iter-
ative “shooting method” [130] is required.

For these reasons, in this thesis we treat supercontinuum generation in a fibre Bragg grating as a single-
moded problem, with the dispersion and loss profile of the mode appropriately modified to describe the grating
interaction. In the grating, the normal modes — those that propagate without coupling — are the Bloch modes
[126]. They consist of a superposition of forward- and backward-going modes of the uniform fibre. Their
wavenumber is given by

βG(ω) =
kG

2
±
È

�

β (ω)− kG

2

�2

−κ2 (4.1)

where kG is the grating wave wavenumber, related to the pitch Λ by kG = 2π/Λ, and β (ω) is the mode prop-
agation constant in the absence of the grating. At the Bragg frequency, defined by β (ωB) = kG/2, the grating
induces perfectly tuned coupling between the forward and backward fibre modes. A convenient parameter for
describing the properties of the Bloch modes is the normalized detuning

δ=
β − kG

2

κ
. (4.2)

For |δ|< 1, the Bloch modes possess a complex wavenumber and are therefore evanescent. This spectral region
is the bandgap of the grating. Except at the band edges defined by |δ| = 1, where degeneracy occurs, one may
identify distinct forward- and backward-going Bloch modes. The forward-going Bloch mode corresponds to
the positive (negative) sign in (4.1) for δ > −1 (δ < −1). Outside the bandgap it has a positive group velocity,
indicating energy flow in the positive z direction. Its field profile is dominated by the forward-going fibre mode,
and for large detuning |δ| � 1 its wavenumber approaches that of the forward-going fibre mode i.e. βG ≈ β .
Inside the bandgap, the imaginary part of the wavenumber is positive indicating attenuation with increasing
z . Corresponding properties apply for the backward-going Bloch mode. The dispersion relation for the Bloch
modes is depicted in Fig. 4.1.

To model supercontinuum generation in a fibre Bragg grating, one uses the dispersion relation βG(ω) of
the forward-going Bloch mode in the GNLSE, which is otherwise unchanged. A few more qualifications are
necessary to justify this approximation. We will be considering apodized gratings [131], in which the coupling
strength κ(z ), and hence the bandgap size, smoothly increases with z from zero to its peak value and back
to zero again. The local Bloch mode at z is defined as the Bloch mode of a longitudinally uniform grating
with coupling strength κ(z ). We assume that the apodization is sufficiently smooth so that an adiabatic tran-
sition between the local Bloch modes (including the fibre mode κ = 0 as a trivial case) occurs for frequencies
which are outside the bandgap at the peak coupling strength [132]. The mode amplitude is unchanged by this
adiabatic transition. For frequencies which fall within the bandgap, adiabatic transition is impossible [132],
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4. SPECTRAL ENHANCEMENT USING NARROWBAND SPECTRAL FILTERING

δ

βG− kG

2

1

κ

-1

Figure 4.1: Real (blue) and imaginary (red) parts of the dispersion relation of the forward- (solid) and backward-
going (dashed) Bloch modes of a fibre Bragg grating. Where the real part is non-zero, the imaginary part is
non-zero, and vice versa. The green lines indicate the wavenumber in the absence of the grating.

because when the bandedge moves past any given frequency there is a degeneracy between the forward- and
backward-going Bloch modes, and some light is coupled into the latter. Generally we are only interested in the
transmitted light outside of the bandgap, which is much smaller than the bandwidths of the pulses involved.
The backscattered field is therefore weak and does not participate in nonlinear processes. For these reasons,
the backward-going Bloch wave may be ignored.

4.3 Example

This section presents simulations of a typical example of the spectral modulation caused by generating super-
continuum with a fibre Bragg grating. The parameters are identical to those in Fig. 2.3, except that a grating
with Bragg wavelength 925 nm has been written into the photonic crystal fibre between 200–250 mm. Figure
4.2(a) shows the supercontinuum spectrum just before the grating at z = 200 mm, whilst Figure 4.2(b) com-
pares the spectra with and without the grating at z = 250 mm. The main effect of the grating is to induce a sharp
feature at the Bragg wavelength. Enhancement (depletion) occurs on the long (short) wavelength side of the
Bragg wavelength. After propagation to the fibre output, shown in Fig. 4.2(c), the enhancement remains. The
only other significant difference to the uniform case is the slightly reduced red-shift of the soliton at 960 nm.
This can be attributed to energy loss in the grating bandgap reducing the soliton’s peak intensity and hence its
Raman self-frequency shift.
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4.3 Example
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Figure 4.2: Spectra of supercontinuum generation with a Bragg fibre grating; (a) just prior to the grating at
z = 200 mm, (b) just after the grating at z = 250 mm (red) and at the same position without the grating (blue),
(c) and at the fibre output at z = 400 mm.
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4.4 Narrowband supercontinuum control using phase shaping

4.4.1 Author’s contribution statement
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published work contained in this thesis.
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1. Introduction

Supercontinuum (SC) generation [1] in optical fibres is a striking effect with applications in
imaging [2], frequency metrology [3], and interferometry [4]. The large spectral broadening,
often spanning more than an octave, results from the interaction of an intense laser pulse with
the fiber’s dispersion and cubic nonlinearity [5]. Attention has recently turned to tailoring and
improving SC for specific applications. The pump wavelength, duration, energy, and fiber non-
linearity and dispersion can be chosen to gain a limited degree of control, whilst more complex
methods include pump chirp control [6], pump spectral shaping [7, 8], UV postprocessing [9],
cascading different fibres [10] and tapering [11]. Another such scheme involves writing a Bragg
grating in the fiber, resulting in a spectrally narrow enhancement of up to 15 dB around the long-
wavelength side of the Bragg resonance [12]. This wavelength selective amplification is useful
in applications that use only a small part of the spectrum, such as frequency-comb stabilization,
where Bragg gratings were shown to improve the signal-to-noise ratio by 24 dB [13].

This paper generalizes and strengthens grating-enhanced SC generation in two ways. First,
although semi-analytic results and modeling agree qualitatively with experiments [14], an in-
tuitive physical explanation has not been presented. Whilst the enhancement has been linked to
the magnitude of dispersion around the grating bandgap [15], experimental and calculated spec-
tra exhibit complex and unexplained features such as depletion on the short wavelength side of
the bandgap and fine spectral fringes with varying period. To realize the scheme’s full poten-
tial these effects must be understood. Providing a simple explanation involving interference
between initial and nonlinearly generated components is our main goal here. Additionally, we
generalize this notion to arbitrarily shaped narrowband spectral phase features. We show that
the phase features can be imparted on the field either continuously throughout the fiber, as is
the case with Bragg gratings, or as an initial condition before nonlinear pulse propagation com-
mences, as schematically shown in Fig. 1. We implement the latter configuration using a fem-
tosecond pulse shaper, and as proof of principle demonstrate a tunable spectral enhancement
after nonlinear propagation in a uniform photonic crystal fibre. This scheme could potentially
address one practical disadvantage of Bragg gratings, namely, their limited tunability.

2. Nonlinear pulse propagation in Bragg grating

Supercontinuum generation in a fibre Bragg grating has recently been well described by West-
brook and Nicholson using a perturbative form of the nonlinear Schrödinger equation (NLSE)
[16]. Here, we focus on the dynamics of the enhancement mechanism for a single pulse rather
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Fig. 1. Spectral enhancement via narrow spectral phase features and nonlinear propagation;
an ultrashort pulse (red) passes through a spectral filter whose phase response (green) is flat
except for a narrowband feature. The pulse then propagates through a nonlinear medium,
such as a small-core silica microstructured optical fibre. Upon propagation, the output ac-
quires a spectral enhancement corresponding to the narrowband phase feature.

than full supercontinuum description [16]. Our primary aim is an intuitive, quantitative descrip-
tion of the enhancement mechanism rather than full broadband agreement with the NLSE. The
key technical difference between this work and Ref. [16] is that we consider the nonlinearity as
a perturbation to the linear evolution in the presence of the grating, whereas Ref. [16] treats the
grating as a perturbation to the full nonlinear solution for a uniform fibre.

We initially consider a fibre Bragg grating, and a single transform-limited incident pulse,
rather than the complicated fields associated with SC generation. This is justified since the use
of scaling laws [17], in combination with experimental parameters [12, 13] indicate that the
gratings were written after the soliton fission point, so the SC field consists of a train of discrete
pulses. Since the grating is apodized, incident pulses are coupled into the forward-propagating
Bloch mode [15], permitting the use of the NLSE rather than coupled mode equations. The
narrowband grating dispersion cannot be represented over the full pulse bandwidth by the usual
Taylor expansion of dispersion coefficients, unlike previous studies of nonlinear propagation in
Bragg gratings [18] where the pulse bandwidth was small or comparable to the bandgap. We
therefore work in the frequency domain, and have

∂A(ω ′,z)
∂ z

= iβT(ω)A(ω ′,z)+ iγB(ω ′,z), (1)

where A(ω ′,z) is the Fourier transform of the field envelope, βT(ω) the transformed wavenum-
ber, γ = 80 W−1 km−1 is the fiber’s nonlinear coefficient and B(ω ′,z) = FT

[
|A(T,z)|2A(T,z)

]

is the Fourier transform of the usual self-phase modulation term, where T is retarded time.
Bandgap reflection is ignored for reasons discussed below. In this frame, ω ′ = ω −ω0 is the
frequency relative to the carrier ω0. The transformed wavenumber is

βT(ω) = β (ω)−βF(ω0)− (ω −ω0)
dβF

dω

∣∣∣∣
ω=ω0

, (2)

where β (ω) and βF(ω) are the wavenumbers with and without the grating. Equation (2) trans-
forms β (ω) from the laboratory frame to a comoving frame with the phase and group velocity
of the uniform fibre at ω0 - we do not wish to “transform away” the grating dispersion. The
grating is modeled as a 1-D photonic bandgap [15], with Bragg wavelength λB. In the chosen
frame, βT = 0 away from the bandgap, βT < 0 for λ < λB, since β < βF, and βT > 0 for λ > λB
since β > βF. We ignore background fiber dispersion because of the short propagation lengths
under consideration.

Though our analysis is perfectly general, for our modelling we choose the experimental
parameters of Li et al. [14]: grating Bragg wavelength λB = 950 nm and coupling strength
κ = 600 m−1, and pulse duration TFWHM = 150 fs and centre wavelength λ0 = 945 nm. The
pulse bandwidth (6.3 nm) considerably exceeds that of the grating (0.7 nm), so only a small



fraction of the pulse energy is affected, justifying the absence of the bandgap reflection in
Eq. (1). At the bandgap edges the transformed wavenumber is ±κ , so the typical grating length
scale LG = 1/κ = 1.67 mm is much smaller than the nonlinear length LNL = 1/(γP0) = 25 mm
where P0 = 0.5 kW is the pulse peak power.

Neglecting the nonlinearity, Eq. (1) the field evolves linearly as

AL(ω ′,z) = A(ω ′,0)exp[iβT(ω)z], (3)

and the effect of the grating is thus to rotate the field’s spectral phase in opposite directions
on either side of the gap. To treat the nonlinearity, we make two simplifications. First, all our
calculations are truncated to first order in z/LNL; equivalently we assume z ¿ LNL. Whilst this
may seem overly restrictive, we show that much of the essential physics can be explained by
this simple model. We then write

A(ω ′,z)≈ AL(ω ′,z)+ANL(ω ′,z), (4)

with ANL(ω ′,z) the nonlinear contribution correct to first order in z/LNL. Without the grat-
ing, the nonlinearity causes self-phase modulation (SPM). The equivalent frequency domain
description of SPM is intrapulse four-wave mixing (FWM) between all energy conserving fre-
quency combinations in the pulse spectrum AL(ω ′,z). Hence the second simplification: since
the FWM contribution at frequency ω ′ results from the many mixing processes just described,
the spectrally narrow effect of the grating on ANL(ω ′,z) is small. Alternatively the spectrally
narrow feature is broad and weak in time, lacking nonlinear effect. By ignoring the grating’s
effect on the FWM, the nonlinear term B(ω,z), which drives ANL(ω ′,z), can be evaluated at
z = 0.

Formally, we proceed by substituting Eq. (4) into Eq. (1). By the first assumption, only
AL(ω ′,z) terms remain in the nonlinear driving term, which by the second assumption can be
evaluated at z = 0. We obtain

∂ANL(ω ′,z)
∂ z

= iβT(ω)ANL(ω ′,z)+ iγB(ω ′,0) (5)

which can be solved using integrating factors to yield

ANL(ω ′,z) =
γB(ω ′,0)

[
eiβT(ω)z −1

]

βT(ω)
. (6)

This forms the starting point to explain a key feature of the reported spectra: depletion for
wavelengths below the bandgap, accompanying the enhancement on the long wavelength side.
For now, we consider ANL(ω ′,z) in the initial stages of propagation i.e. z¿ LG; equivalently we
ignore grating dispersion of the nonlinear terms. This additional assumption is not intrinsic to
our formalism and is only required for the simple argument which follows. In this limit, Eq. (6)
reduces to

ANL(ω ′,z)≈ iγB(ω ′,0)z. (7)

The argument proceeds by considering the relative phases of the two terms in Eq. (4) for vari-
ous cases. Initially, the pulse is transform limited at T = 0, so 6 A(ω ′,0) = 6 B(ω ′,0) = 0. Thus
6 AL(ω ′,z) = βT(ω)z and from Eq. (7), 6 ANL(ω ′,z) = π/2, leading to the simple vector con-
struction in Fig. 2. For λ < λB, βT(ω)< 0 and the resultant vector is shortened, corresponding
to a depletion of the spectrum, whereas for λ > λB, βT(ω) > 0 leading to an enhancement.
By rotating the spectral phase for a narrow wavelength range without changing the nonlinear
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Fig. 2. Phasor diagrams showing interference between strong linear and weak nonlinear
components after a short propagation length; (a) self-phase modulation only, (b) short
wavelength side of Bragg resonance and (c) long wavelength side.

processes, therefore, the grating alters the phase angle between the original field at a frequency,
and the nonlinearly generated field at that same frequency, thereby changing the vector sum.

As noted, Westbrook and Nicholson [16] presented approximate formulae for supercontin-
uum generation in a Bragg grating. We now compare their results with the argument just pre-
sented here. Since we assume z ¿ LG, the analogous result in Ref. [16] is Eq. (4), which shows
an interference whose sign is affected by the sign of the wavenumber, but is otherwise very
difficult to interpret. Note that, like Westbrook and Nicolson [16], we use the basic assumption
that the grating’s influence on nonlinear processes is negligible. Our argument requires the ad-
ditional assumptions of a weak nonlinearity, so that z ¿ LNL, and transform limited pulses. In
return, however, we provide the simple physical interpretation described above, and show that
the sign of the interference depends only on the sign of the transformed wavenumber.

Additional spectral features arise when we consider grating dispersion of the nonlinear con-
tributions once they are generated, i.e. for z > LG. Combining Eqs (3), (4) and (6) we obtain

∣∣∣∣
A(ω ′,z)
A(ω ′,0)

∣∣∣∣≈ 1+
∣∣∣∣
B(ω ′,0)
A(ω ′,0)

∣∣∣∣
2γ sin2

[
βT(ω)z

2

]

βT(ω)
(8)

for transform-limited pulses. The factor of 1/2 in the sine argument in Eq. (8) arises because
the nonlinear contribution is generated along the entire length, so that the contribution gen-
erated near the end of the fibre is not affected by the grating. We now point out the salient
features of Eq. (8) plotted as the solid red curve in Fig. 3(b). For reference, the transformed
wavenumber βT outside the bandgap is shown in Fig. 3(a). The sign of the βT(ω) term in
the numerator determines whether Eq. (8) corresponds to enhancement or depletion. We shall
“approach” the bandgap from the long wavelength side, where βT(ω) > 0 and enhancement
occurs. As expected, well away from the bandgap there is no spectral modulation owing to the
rapid falloff of the transformed wavenumber. Moving closer, βT(ω) begins to increase monot-
ically and hence the sin2 argument in Eq. (8) increases. For small βT(ω)z (e.g. at 950.5 nm),
an enhancement proportional to z2 is observed. Closer to the bandgap, however, βT(ω)z > 1
and the oscillatory behaviour of the sine term in Eq. (8) becomes important. The enhance-
ment goes through a maximum where βT(ω)z ≈ π . (The relation is not exact because of the
βT(ω) term in the denominator of Eq. (8)). The enhancement peak therefore moves to longer
wavelengths with increasing z. Even closer to the bandedge, fine spectral fringes appear since
βT(ω)z > 2π . However, because of the large βT(ω) term in the numerator of Eq. (8), the ampli-
tude of these fringes is very small. Published experimental spectra have suggested the presence
of fine fringes [12,14], but limited resolution prevents quantitative comparison with Eq. (8). As
shown in Fig. 4, Eq. (8) agrees well with the exact numerical solution over a typical experimen-
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Fig. 3. Nonlinear spectral enhancement due to a narrowband 1-D photonic bandgap; (a)
transformed wavenumber (blue solid) outside bandgap (black dotted); (b) relative spectral
modulation resulting from a grating over the full 30 mm propagation length (red solid,
Eq. (8) in text) and from a spectral filter of equivalent overall phase (blue dashed, Eq. (11)
in text). Dashed black is a baseline, indicating the result in the absence of enhancement or
suppression.

tal propagation length of L = 30 mm. The approximation begins to break down for z > LNL as
second-order nonlinear effects begin to dominate.

Our Eq. (8) is essentially a special case of Eq. (3) in Ref. [16], employing our additional
assumptions of a weak nonlinearity and a transform-limited pulse. In return for this loss of
generality we can predict numerous qualitative features of the spectrum, as discussed in the
paragraph above. Indeed, the NLSE results given in Fig. 1b of Ref. [16] show spectral fringes
whose period and visibility decrease approaching the bandgap, consistent with Eq. (8). Our
work, in offering physical insight and simple analytic results, is therefore complementary to
Ref. [16], which is useful for rapid numerical approximation of grating-enhanced supercontin-
uum spectra.

The grating phase profile thus changes femtosecond pulse propagation, particularly the rela-
tive phase between the incident pulse and nonlinearly generated components, causing asymmet-
ric spectral modulation around the Bragg wavelength. Our interpretation applies to any Bragg
grating enhanced supercontinuum experiment where the grating is written after the soliton fis-
sion point, where the field incident on the grating consists of discrete solitons. We now discuss
in Sec. 3 a generalization of the concept to a wider class of experimental geometries. Section 4
is concerned with establishing proof of principle of this generalization.

3. Nonlinear pulse propagation with arbitrary narrow phase feature

The simplifications in the theoretical analysis in Sect. 2 remain valid if the phase is applied as
a single narrowband phase discontinuity of ∆φ(ω) = βT(ω)L at z = 0 mm. This means that
the two roles played by the grating in the process, namely the inscription of a phase feature,
and providing the medium for nonlinear propagation, can be separated. In other words, the
process is equivalent to inscribing a spectral feature, by whatever means, followed by self-phase
modulation in a fiber. Since this insight allows the two elements to be selected and optimized
independently, it broadens the possible application of this process.

We now treat the more general situation in which the application of the spectral feature and
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the nonlinear propagation are separated. Instead of solving Eq. (1) for a transform limited pulse
with a narrowband dispersive term, as in the previous section, we use the initial condition

A(ω ′,0) = A(ω ′,0−)ei∆φ(ω), (9)

where A(ω ′,0−) is the transform limited pulse before the phase discontinuity. Since we are
ignoring fibre dispersion and the phase feature has been incorporated into the initial condition,
we solve Eq. (1) with βT(ω) = 0. As with the previous section, we work to first order in z/LNL.
However, whereas before we ignored the grating’s influence on the nonlinear contribution, here
we ignore the effect of the phase filter instead. This enables us to evaluate the nonlinear driving
term at z = 0− i.e. with a transform limited pulse, and we obtain

A(ω ′,z) = A(ω ′,0−)ei∆φ(ω)+ iγzB(ω ′,0−). (10)

The relative enhancement is then given by
∣∣∣∣

A(ω ′,z)
A(ω ′,0−)

∣∣∣∣≈ 1+
∣∣∣∣
B(ω ′,0−)
A(ω ′,0−)

∣∣∣∣γzsin∆φ(ω). (11)

Equation Eq. (11) is shown as the dashed blue curve in Fig. 3 for L = 30 mm. Compared
with Eq. (8), the fringes are larger close to the bandgap because Eq. (11) does not have the
large phase term in the denominator. Also, the sign of the effect (enhancement or depletion) is
now determined by the sign of sin∆φ(ω) rather than simply βT(ω) as in Eq. (8). Physically,
both of these differences correspond to the entire grating phase βT(ω)L being pre-applied at
z = 0 mm, before any nonlinear components are generated, rather than continuously throughout
the propagation. Besides this, the two curves are qualitatively similar.

This generalization may now be applied to other, narrow phase perturbations of the pulse.
We therefore posit a scenario in which a narrowband phase feature is imprinted on a pulse prior
to propagation through a nonlinear medium. The experiment described in the following section
tests such a scenario. We note that the application of spectrally narrow amplitude features,
followed by self-phase modulation was earlier considered by Präkelt et al. [19], though not in
the context of super continuum generation. Moreover their treatment is qualitative and does
give rise to quantitative predictions.
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Fig. 5. Experimental setup: BK7 glass in the Fourier plane of a 4- f femtosecond pulse
shaper imparts spectrally narrow phase delays on Ti:Sapphire mode-locked laser pulses,
which are then injected into nonlinear photonic crystal fibre (PCF). Rotating the glass about
the horizontal transverse axis (dotted) affects the phase delay without changing its spectral
extent.

4. Experiment

In our experiment we show that our theory correctly describes spectral enhancement of fem-
tosecond pulses which have narrowband phase features applied before nonlinear propagation
in photonic crystal fibre. Because this technique limits the spectral enhancement to be within
the pump spectrum, its purpose here is to demonstrate proof of principle of the ideas devel-
oped in the previous section. A more complicated geometry which permits a wider choice of
enhancement wavelengths is described in section 5.

We applied spectrally narrow phase features to 80 fs pulses with centre wavelength λ0 =
778 nm from a modelocked Ti:Sapph laser using a 4- f femtosecond pulse shaper [20] as in
Fig. 5. A ruled reflection grating (1800 rules/mm) disperses the spectrum which is then imaged
by a lens (D = 50 mm, f = 200 mm) onto the Fourier plane. A transparent phase mask in the
Fourier plane imparts a phase profile ∆φ(ω), then a second lens and grating pair recollimate
the beam which is coupled into 4.5 m of small core PCF (Crystal Fibre NL-1.8-750) with
measured zero dispersion wavelength λZD = 760 nm and manufacturer specified nonlinearity
γ = 99 W−1km−1. The output is spectrally resolved on an optical spectrum analyser. Our phase
mask was a d = 92 µm thick piece of polished BK7 glass, which was rotated to adjust the
effective thickness and hence phase delay within a range equivalent to 74-80 wavelengths at a
wavelength λD = 778 nm.

Figure 6(a) shows the enhancement and depletion achievable with a pulse peak power of
approximately 14 W, giving a nonlinear length LNL = 0.7 m. Without the phase mask, SPM has
only a small effect. With a phase delay such that sin∆φ = 1, a 5 dB enhancement is observed
as predicted by Eq. (11), whilst a corresponding depletion is seen for sin∆φ =−1. Across the
width of the feature ∆λ = 1.7 nm, the enhancement is not uniform; because of the wavelength
dependent phase delay (φ ∝ 2π/λ ) the relatively large thickness produces a perceptible change
in phase over the spectral feature. Material dispersion also plays a small role in the asymmetry.
Figure 6(b) shows the spectral intensity at λD from a series of spectra taken with varying delay.
As predicted in Eq. (11), sinusoidal dependence on ∆φ with period 2π is observed.

5. Discussion

It is clear from simulation, theory, and our proof of principle experiment, that the sort of en-
hancements first reported by Li et al. [14] may be generalized to other situations in which a
narrowband phase feature is imposed on a pulse, with the pulse then subject to propagation in
a Kerr-like nonlinear medium. The nonlinear propagation has the effect of imprinting a pre-
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dle) and depletion (top). Vertical offsets have been added for clarity. (b) Spectral intensity
at phase delayed wavelength vs phase delay.

conditioned phase feature on the spectral density of the pulse. While it is not easy to separate
the phase filtering and propagation when using a Bragg grating, our experiment clearly shows
the distinct roles of phase filtering and propagation. This insight follows immediately from our
quantitative, yet intuitive theoretical description of the process, which differs from that of West-
brook and Nicholson [16] which provides less physical insight, and that of Präkelt et al. [19],
which is qualitative.

In our geometry, the enhancement is limited to within the pump spectrum. Its main purpose is
to verify the theoretical development in this paper. To obtain spectral peaks at other frequencies,
a high power could be propagated through enough fibre to generate a supercontinuum encom-
passing all required enhancement wavelengths. The resulting field, consisting of various pulses
distributed over the spectrum, would have phase features applied using the pulse shaper and
would then be re-injected into a second fibre for subsequent spectral enhancement and further
broadening. This scheme is similar to that of Li et al. [14] with the Bragg grating substituted
by a pulse shaper. In addition, replacing the BK7 glass phase mask with a liquid-crystal spatial
light modulator [20] would allow far greater control of the applied phase and attenuation. We
note that the experiments presented here are reminiscent of those of Präkelt et al. However,
their work, in which the self-phase modulation occurs in a water jet, was not conducted in the
context of fiber supercontinuum generation.

In conclusion, we have shown that Bragg gratings cause nonlinear spectral enhancement by
inducing relative phase rotation between linear and nonlinear components. Our experiment con-
firms that any narrow phase feature followed by nonlinear propagation exhibits similar effects.
Though the enhancement was restricted to within the pump spectrum, it nonetheless demon-
strates that that our theoretical argument is sound. The analytic result and simple explanation
will, we believe, enable spectral tailoring of supercontinuum light sources in novel ways.

TGB acknowledges support through the Denison Distinguished Visitor scheme. This work
was supported by an Australian Research Council Discovery Grant.



Chapter 5

Summary and outlook

In this thesis, we studied one theoretical aspect of supercontinuum generation in photonic crystal fibres, and
also demonstrated a technique for achieving a narrowband spectral enhancement in the supercontinuum. In
this chapter, we discuss and reflect upon the significance of these findings and highlight areas for future work.

5.1 Dispersive wave generation

The dispersive wave generation study of Chapter 3 had several motivations. We began with the qualitative ob-
jection to the accepted theory of SC generation that during the region of efficient dispersive wave production,
isolated fundamental solitons are not actually present, so that phase matching arguments based on the proper-
ties of fundamental solitons cannot represent the complete picture. The key figure demonstrating this is Fig. 2
of the paper. Quantitatively, we noted that the phase matched wavelengths predicted by the accepted theory
do not agree with simulation results, as shown in Fig. 3(a) of the paper. We also desired an improved under-
standing of the limitations of DWG from an applications standpoint, particularly the achievable blue-shift and
conversion efficiency. The study improved the qualitative aspects of the theory by showing that, despite the
apparent complexity of the pump pulse in the region of efficient dispersive wave generation, for the purposes
of phase matching it could be well approximated by a fundamental soliton as long as spectral recoil was taken
into account, as shown in Fig. 5(b) of the paper. The quantitative accuracy of the theory was also improved
by taking into account the spectral recoil using a simple spectral balance argument, given by Eq. (7) of the pa-
per. However, this amendment is not completely satisfying because of the need for an a priori estimate of the
fraction of energy converted into the dispersive wave. Given that in practice, uncertainty over the fibre dis-
persion curve and input power generally results in greater uncertainty in the phase-matched wavelength than
the theoretical inaccuracies mentioned above, it is unlikely that eq. (7) will be used in practical fibre design
situations.

With regard to improving the utility of dispersive wave generation for applications, the study makes clear
that for a clean spectrum, the fibre length should be carefully chosen so that the end face coincides with the
end of the dispersive wave generation region (DWGR), as illustrated by Fig. 4(b) of the paper (Section 3.2).
The DWGR is shown to coincide quite closely with the soliton fission point, providing a simple prescription
for choosing fibre lengths. This recommendation dovetails well with studies of the shot-to-shot coherence [4]
which show that during propagation the coherence rapidly degrades after the soliton fission occurs.

The finding that spectral recoil of the pump away from the zero-dispersion wavelength causes a rapid cessa-
tion of dispersive wave generation suggests that placing a second dispersion zero at longer wavelengths could
improve conversion efficiency by providing its own compensatory spectral recoil, so that the pump pulse is
“bound” at both shorter and longer wavelengths. We provided indirect evidence for this in Section 6 of the
paper by simulating a hypothetical fibre with only even orders of dispersion, so that the dispersion curve
was symmetric about the pump wavelength and a second dispersion zero at 1052 nm appears. No spectral
recoil was observed — however we did not perform a systematic study of the conversion efficiency. There
have been several other studies of supercontinuum generation in a fibre with a second zero-dispersion wave-
length [114,133–136]. Besides the expected second dispersive wave, other novel effects include a self-frequency
shift cancellation [114], paired propagation of the soliton and dispersive wave [133], and greater spectral den-
sity [136]. However, none have explicitly mentioned the second dispersive wave balancing spectral recoil and
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5.2 Narrowband spectral enhancements

preventing shutoff of dispersive wave generation, although Hilligsøe et al. [136], using a fibre with dispersion
zeros at 780 nm and 945 nm and pumping at 790 nm, show almost complete conversion of energy into the
dispersive waves at 650 nm and 1100 nm. The efficiency is not compared with the single zero-dispersion
wavelength (ZDW) case but could easily be greater. This evidence suggests that fibres with two closely spaced
dispersion zeros may be a possible route towards increasing the spectral intensity of blue light generation in
supercontinuum. Such fibres may be fabricated through tapering [137]. Finally, we mention that fibres with
highly customized dispersion profiles may now be fabricated [138]. The nonlinear wavenumber introduced in
Chapter 3 may assist understanding of dispersive wave generation in these fibres, and help guide their design.

5.2 Narrowband spectral enhancements

In Chapter 4 we presented a general theory of spectral modulation caused by the Kerr nonlinearity acting on
pulses with spectrally narrow phase features. In our model, the key effect is the interference between the nar-
rowband field corresponding to the phase feature, and the remainder of the pulse as it undergoes self-phase
modulation. The theory explains recent observations of local spectral enhancement of supercontinuum in
fibre Bragg gratings (FBGs), with the phase feature produced by dispersion around the grating bandgap and
the pulses being Raman-shifted fundamental solitons emitted by the soliton fission. We demonstrated another
implementation of the effect by propagating spectrally shaped pulses in uniform fibre.

Since fibre Bragg gratings couple forward- and backward-propagating fundamental modes, their period
is approximately one half of the wavelength, and they must generally be written using ultraviolet inscription.
Furthermore, they are not particularly sensitive to external conditions, limiting their tuneability. An alternative
which overcomes these restrictions is a long-period grating (LPG), which couples the fundamental mode with
a higher-order mode [139]. Because the Bloch modes of a LPG generally have a significant component in the
cladding, they are more sensitive to external conditions than FBGs and may be tuned using mechanisms such
as temperature adjustment or immersion in different fluids. It is also possible to write dynamically tunable
LPGs using, for example, radio-frequency driven acoustic waves [100, 101] or stresses introduced by a groved
plate [102]. Our realization that a Bragg grating was not necessary for the supercontinuum enhancement, and
that the phase feature could be applied by another method, suggested the use of LPGs. Since the completion of
this thesis, we demonstrated a temperature-tuneable spectral enhancement in a photonic crystal fibre with a
long-period grating spliced in the middle [16]. Subsequent work demonstrated a similar effect in a dynamically
tunable LPG written using a radio-frequency driven acoustic wave. An enhancement of 6 dB was achieved,
tuneable over a 20 nm range [100].

Subsequent to the completion of this work, we learned that a related theory had been developed to de-
scribe the refilling of a spectral hole — a narrow amplitude feature — in the presence of self-phase modulation
and two-photon absorption by Fischer et al. [118]. They have developed this into a new form of nonlinear
microscopy and used it to measure neuronal activity [140]. The theory of spectral hole refilling is conceptu-
ally similar to our work in that the key process is interference between a narrowband field corresponding to
the amplitude feature, and the remainder of the pulse as it undergoes self-phase modulation and two-photon
absorption [141]. To date, this work has focused mainly amplitude-only features. It is therefore worthwhile
investigating whether using a phase feature or some combination of the two holds any advantage.

In our model, self-phase modulation is only treated to first order. An important situation which falls outside
of this approximation is the effect of a spectrally narrow feature upon a propagating soliton. This would require
including quadratic dispersion and propagating beyond the first order in the nonlinear length. This problem
has been partially treated in the various theoretical studies which complement our model. The role played
by the Raman self-frequency shift in determining whether or not the trajectory in (ω, z ) space of a soliton
will interact with a grating was studied by Li et al. [105]. Treating the grating rather than the nonlinearity as
a perturbation allows efficient estimation of the effect of a grating on highly complex supercontinuum fields
[124]. It was noted by Li et al.that solitons may regenerate after spectrally narrow attenuation by a photonic
band gap. Furthermore, it is possible that the self-stabilizing nature of solitons may enable a much greater
spectral enhancement upon extended propagation. This is a promising topic for further investigation.
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Appendix A

Numerical methods

To solve the generalized nonlinear Schrödinger equation (GNLSE), we used a second-order procedure related
to the split-step Fourier method [66]. We shall derive a procedure for propagating the field from z to z +h. We
start by writing the formally exact solution to (2.9)

A(ω, z +h) =

∫ z+h

z

exp
�

(z +h − z ′)L(ω)
�

N (ω, z ′)dz ′+exp [hL(ω)]A(ω, z ). (A.1)

The first summand is an integral over all source contributions at z ′ between z and z +h, each with an appro-
priate linear propagator from z ′ to z +h. The second summand linearly propagates the initial condition from
z to z +h.

The first summand cannot be evaluated analytically. To derive a second-order method, we use the trape-
zoidal rule, writing

∫ z+h

z

exp
�

(z +h − z ′)L(ω)
�

N (ω, z ′)dz ′ ≈ h

2

�

exp [hL(ω)]N (ω, z )+N (ω, z +h)
	

+O(h3). (A.2)

Since the second summand on the right-hand side, N (ω, z+h), depends on A(ω, z+h), a first-order estimation
of the latter quantity is required. We use

A1(ω) = [hN (ω, z )+A(ω, z )]exp [hL(ω)] (A.3)

≈ A(ω, z +h)

from which the N (ω, z +h) is calculated. Equation (A.2) can then be directly evaluated.
This method differs slightly from the standard split-step treatment in that we write the nonlinearity as a

source term, rather than as an operator applied to A(T, z ). We do this because the frequency dependence of the
nonlinearity caused by the self-steepening term prevents this operator from being written as a scalar-valued
function in either of the time or frequency domains, unlike the linear operator which is a scalar-valued function
in the frequency domain. We therefore find the derivation more straightforward if the nonlinearity is treated as
a source term.

To discretize the time- and frequency axes, we first chose ranges for these axes which ensured all pulse
energy remained in the time-frequency domain down to the 10−4 intensity level. The discretization of the axes
then followed from the mathematics of the discrete Fourier transform. The z -axis was discretized automatically
using an adaptive step-size routine.

54



Appendix B

Conservation laws of the nonlinear
Schrödinger equation

In this Appendix we derive two conservation laws for the nonlinear Schrödinger equation

∂ A(T, z )
∂ z

= i
β2

2

∂ 2A(T, z )
∂ T 2

+ iγ|A(T, z )|2A(T, z ). (B.1)

The first is of the energy

U =

∫ ∞

−∞
|A(ω)|2dω. (B.2)

The second is of the spectral first moment

M =

∫∞
−∞ω|A(ω)|2dω

U
. (B.3)

B.1 Energy conservation

Using the identity d|A |2 = 2ℜA∗dA, whereℜ denotes the real part, one has

dU

dz
=

∫ ∞

−∞
2ℜA∗(ω, z )

dA(ω, z )
dz

dz . (B.4)

Inserting (B.1), one obtains

dU

dz
=−2ℑ

∫ ∞

−∞

β2

2
ω2|A(ω, z )|2+γFT

�|A(T, z )|2A(T, z )
�

dω (B.5)

were FT denotes the Fourier transform and ℑ denotes the imaginary part. The dispersive term in (B.5) is real
and hence does not contribute. The nonlinear term is written out in full, yielding

∫ ∞

−∞
FT
�|A(T, z )|2A(T, z )

�

dω=

∫

dω1

∫

dω2

∫

dωA(ω1, z )A(ω2, z )A∗(ω1+ω2−ω)A∗(ω). (B.6)

One makes the change of variablesω′1 =ω,ω′2 =ω1+ω2−ω,ω′ =ω1. (The absolute value of the determinant of
the Jacobian of this transformation is unity and therefore no scaling factor is introduced.) Upon performing the
substitution and taking the complex conjugate, the right-hand side of (B.6) emerges unchanged. It is therefore
real, and thus via (B.5) U is constant.
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B. CONSERVATION LAWS OF THE NONLINEAR SCHRÖDINGER EQUATION

B.2 Conservation of spectral centre of mass

The proof begins similarly to that of conservation of energy, and one obtains

U
dM

dz
=−2ℑ

∫ ∞

−∞

β2

2
ω3|A(ω, z )|2+γωFT

�|A(T, z )|2A(T, z )
�

dω. (B.7)

The dispersive term is once again real, leaving the nonlinear term

G (z ) =

∫

dω1

∫

dω2

∫

dωA(ω1)A(ω2)A∗(ω1+ω2−ω)A∗(ω)ω. (B.8)

We will show that G (z ) is real by examining

2ℑG (z ) =G (z )−G ∗(z ). (B.9)

Applying the same transformation to the conjugated term as in Section B.1, we obtain

2ℑG (z ) =

∫

dω1

∫

dω2

∫

dωA(ω1)A(ω2)A∗(ω1+ω2−ω)A∗(ω)(ω−ω1). (B.10)

One now makes the substitution ω′ = ω1 +ω2 −ω, ω′1 = ω2, ω′2 = ω1. Dropping the primes the result is the
negative of (B.10), and hence is equal to zero.

B.3 Violation of conservation laws due to self-steepening and Raman scat-
tering

B.3.1 Self-steepening

The inclusion of the standard shock term τshock = 1/ω0 leads to the following form for the nonlinear term in
the GNLSE

iγ(1+ iτshock)A(z , T )|A(z , T )|2↔ i
γ

ω0
ω

∫

dω1

∫

dω2

∫

dωA(ω1, z )A(ω2, z )A∗(ω1+ω2−ω)A∗(ω) (B.11)

where the double-headed arrow denotes the Fourier transform. In the frequency domain, the shock term is
therefore a factor of ω in front of the nonlinear term. Therefore, with the shock term present, the proof of
conservation of energy is identical to that conservation of spectral centre of mass without the shock term i.e. that
of Section B.2. However, for the spectral centre of mass, the nonlinear term has a factor ofω2. Conservation of
the spectral centre of mass requires

ℑ
∫

dω1

∫

dω2

∫

dωA(ω1, z )A(ω2, z )A∗(ω1+ω2−ω, z )A∗(ω, z )ω2 = 0. (B.12)

In general, this condition does not hold — it is violated, for example, by a chirped Gaussian pulse. There are
at least two special cases for which it does hold: i) a transform-limited pulse, for which the spectral phase is a
straight line ii) a pulse whose spectrum possesses a frequency of conjugate-symmetry i.e. A(−ω) = A∗(ω). This
is equivalent to pulse with constant instantaneous frequency.

Some treatments extend the shock term to incorporate the frequency dependence of the effective area and
the effective index [84, 142, 143]. This introduces a degree of arbitrariness which leads to violation of both
energy and spectral centre-of-mass conservation.

B.3.2 Raman response

Inclusion of the Raman response in the NLSE and repeating the steps for conservation leads to the condition

ℑ
∫

dω1

∫

dω2

∫

dωA(ω1, z )A(ω2, z )A∗(ω1+ω2−ω, z )A∗(ω, z )R(ω−ω1) = 0. (B.13)
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B.3 Violation of conservation laws due to self-steepening and Raman scattering

Performing the substitution of Section B.1, conjugating, and exploiting the fact that the Raman response is real
and hence satisfies R(−ω) = R∗(ω), one finds that the left hand side of (B.13) is indeed zero, and hence the
Raman term preserves energy conservation.

For the spectral centre-of-mass, repeating the steps of Section B.2 leads to

ℑ
∫

dω1

∫

dω2

∫

dωA(ω1)A(ω2)A∗(ω1+ω2−ω)A∗(ω)ωR(ω−ω1) = 0. (B.14)

In general, for a real causal Raman response, this condition is not satisfied.
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